1 Supplementary material

Proof of Lemma 6. It is straightforward to prove that o + w; is feasible

for 1, or’yégoz+wi§6i:

a < M= a4 w; <6 4 w; =6
o > ’YéHqucupiﬂ:>oz+wi2q—cupi+l+wi:q—wﬂ..

Since o +w; > 0, it follows that @ + w; > max(q —wp,,0) = 76.
a) If a < 76, every T' C P;jy1 with wp > ¢ — «a satisfies ¢ € T. Then:

b(i+1l,a) = max (1—dp) = max (1—drp)
TCPiy1:wr>g—o TCPiy11w€l wr>q—a

= max (1*dT)*di:b(Z',Oé+wi)*di.

TCPwr>q—a—w;

b) If « > ~%, b (i, @) is well defined and

b(i+1 = 1—d
(Z +h Oé) TCPpglzg);qua ( T>
- ma. 1—d ) ma 1—-d
fax {TCPi+1:i¢T},f4)T2qa ( T> TCP¢+1:I'€T};)TZq7a ( T)}
= 1-d | —dp) —di
e {TCP}E)?")(ZQQ ( T) ’ TCPi:wr;lgz](fafwi ( T) 7'}

= max{b(i,a),b(i,a+w;) —d;}.

[ ]
Proof of Lemma 7. Let o € 3 such that o > w;. The reader can check
that v < o —w; < 6”1, hence o' — wj is a feasible value of « for player
i+ 1. Note that for b (i, O'i) > 0, homogeneity implies 0% — w; > w;1.

We now prove (2). Under Lemma 6a), (2) is true when o — w; < 7i.
Assume then 0% — w; > vb.

Since 7¢ < ¢ — w; < 611, it is the case that for any ¢ € T

b (i,Ti) - b (z', ol — w@-)

Tt ol — w;



Re-arranging terms,

b (i,ai — wi) <

= b(z’,ai)— b(z’,ai)—
< b(i,0") —d;.

Hence, (2) follows under lemma 6b). To show (3), we replace Hitlo'—w,)

by b(;’—:{;dl and use d; < df . We distinguish two subcases:
1. If b (3,7%) > 0, then df = b (i,0%) — Z52b (i, 77) .
b(i—i—l,ai—wi) B b(i,ai)—di
ol — wj B ol —wj
b(i,0%) — b (i,0%) + C=2b (i, 79)

- ot — Wi
_b(i, 1)
= —

with strict inequality iff d; < d;.
2. If b (’L',Ti) <0, then d7 =0 (i, Ui) and thus

b(i+1,00—wi)  b(i,0?) —di

ot — w; ot — w;

>0

with strict inequality iff d; < d;.

| ]

Proof of Lemma 8. Let o such that fyi+1 <a< 51 Under Lemma
6, either b(i +1,a) =b(i,a+w;) —d; or b(i+ 1,a) = b(i,). We have to
prove that

bli+1,0) _ b(i+1,0" —w;)
o) - ot — w; '
Ifb(i+1,a) = b(i,a), the result follows from (3).
Ifo(i+1,a) =b(i,a +w;) — d;, we have three cases:



1. If 0% < &t then

. (4,00 b(s,0% ib(i,0%
b(i+1,a) b(z,a—|—wi)—w E:l )< (Zo.i)(a+wi)_w E:z )
(&% - . % - b a
_ b (Z, 0.7,) (Leména b (Z + '1’ ot — W@') |
o - ol — w;

2. If o > &t and b(i,Ti) > 0 for some/all 7% € T* then either
b(i’;f;:”) < b(i’f) Gf o + w; < 6 or b(i,a +w;) = b(i,0") (if

a4 w; > 61, by Corollary 3).

fa+w < 6i+1,

bli+1,0)  bli,a+w)—b(i,0f) + Z52b (i, )
o s (i) — Eb () + 2 (7
- (@
_b(i, T (Lemgla Db(i+1,0"—w)
oA - ot — w; ’

If o+ w; > 6+,

b(i+1,a)  b(i,a+w)—b(i0") + Zwip (i, 7) ol —w; b(i,7)

o o o Tt

Ifo (z’, ai) > 0, corollary 3 implies ¢¢ = 61 4+ 1. Then o + w; > 61
implies o + w; > 6 +1 = 0%, or (0! —w;) Ja < 1. If b(i,0") = 0,

O'i_wi b(ivTi) — b(iﬂ—i)
o Ti - ’Ti

b(i,7%) = 0, implying . In either case,
b(i+1,a) <

bi,7!) (emma ) b (i +1,0% = wi)
o T

ot — w;

3.If o' > & and b(i,7") < 0 for some/all ¢ € T, then either
b(i,a+w;) < 0 (if a+w; < &) or b(i,a+w;) = b(i,0") (if
o+ w; > 6L, by Corollary 3).



If b (i, +w;) <0,

(Lemgla b (z +1,0% — wi) '

b(z+1,a)_b(z,oz+wi)*di< ﬁSO :
a o « ot — w;

fo(i,a+w;) = b(i,ai),

b(i+1,a) bli,a+w)—d; 0

o o ol — w;

(Lemgla b (z +1,0° — w@-) ‘

Proof of Lemma 9. a) Let S € argmax (1 —dr). We have to prove
TCP;:wr>q—0ot

b (z +1,0% — wi) =1 —dgygy- Using (2),
b(i+1,0'—w;) =b(i,0") —di =1—ds — di =1 — dgy-
b) Since i € S, b(i + 1,0'Y) = b(i, 0 +w;) — d;, or
b(i, 0 +w) =b(i + 1,01 + d;. (4)

Let o > w;. We have shown that ¢! — w; € X!, thus

bi+ 1,0 b(i+1,0" — w;)

oitl N ot — w; (5)

1. If ¢° < 6" for some o? € ¥, it follows from (5) and (3) that

b(i + 1,0 b(i,0f)
i+l - g (6)
Then
(i, +w;) @ b(i+ 1,07 ) +d; b+ 1,07 4+ 2 (4, 07)
ot fw, ot +w; B ot +w;
() Zeb(i,0') + b (i,0) _ b(i,0)
o+ w;g P

Hence o™ + w; € % and b(i,0"™ +w;) = b(i+1,0) + d; =

1 _ dSmPi.



2. If ¢* > 61 for all o € X?, 6" + 1 always belongs to X'

Suppose SN P; ¢ argmax (1 —dr) for all ¢ € X', Then it must

TCP;:wr>q—0o?
be the case that for any o’ either wsnp, < ¢ — o', or wgnp, > q — 0"

but 1 — dsnp, is not maximal.

Suppose wsnp, < q — ot for all o' € X% Since &t +1 € X7, it
follows from Lemma 2 that wsnp, < ¢— 8'. But then wgn ptwnmp =
WSNP, T WN\Pyy < 45 contradicting the assumption that wgnp, , >

q-— ot

Suppose wsnp, > q — o' but 1 — dsnp, <1 — dr for some o' € ¥ and
T C P; with wp > q — o'.
Tf o' t! 4 w; > 6L

Lemma 2)

b(i, 0+ wi) P2 D b1 0%) > 1 — dgnp, = b(i + 1,07Y) + d;
contradicting (4).

i+l ) i+l bliot T 4w;) - b(i,Th)
If o w; <677, o Fw; < pr;

. There are two possibilities:

o If b(i, 7%) > 0, it follows from (5) and (3) that
b(i+1,6")  b(i, ")

i =, M)
Then
b(i, ), i1 - it @, i+1
——— (""" F+wi) > b(i,0"" twy) =b(i+1,07) +d; =
u
b('l, 7—7:) i1 . 1 1 b (/L’ Ti)
— —_ 7 v b VA _ T i) ———=
oA (i,0") — (0" — wj) i
implying @ > b(ff[i), which is not possible because o? > §1

for all o € ¥ implies WTTTQ < WG—‘ZQ Hence, this subcase is void.
o If b(i,7") < 0, it follows from (5) and (3) that b(“;l.b—ffﬂ) = 0.
Then

b(i, 0 +wy) = b(i + 1,0 + d; = b(3, o).

Hence b(i,0') = 1 — dgnp, and the result follows.



]

Proof of Lemma 10. a) Let o'*! € X! and 7¢ € T%. We need to prove
that b (i,0"™) exists and b (i,0"™) > b (i, 0" + w;) — d;. This will be due
to player i+ 1 having the option of setting a = o* (if 0 < §""1) or a = 7% (if
o' > §1) without buying player i’s votes. We examine each case in turn:

wib(i,ai)

ot

1. If 0% < 6!, then d; >

Since 0% < 61 b(i + 1,0%) exists. Moreover, lemma 6b) implies
b(i +1,0%) > b(i,0"). (8)

In principle, there are three possibilities for o®*1: either ot < 7i,
or o't > ~f and b (i,0"") < b(i,0"" +w;) — di, or 0" > 4§ and
b(i,0"™) > b(i,0" +w;) — d;. We will show that the first two
possibilities lead to a contradiction. In both cases, Lemma 6 implies

b(i+1,0) =b(i,0"™ +w;) —d;. (9)

From (9) we can deduce:

b(i+ 1o b0t ) —d;
oitl - oit1

b(i,0" +w;) — wiblic!) i{ai

< oitl “
(O'i+1+wi)b(i,0'i) wib(i,ai)

< 0'7: - O-'L'

= ot

_ b(i,g’) (i) b(i+1,az).

o - o'

which contradicts that ™! € 1. Thus, o't > 4§ (i.e. b (i,0"1)
does exist) and b (z’,a”l) > b (z’,a”l + wi) — d;. 'We conclude then
that i ¢ S for all S € arg max (1—dr).

TCPiy1:wr>q—oitl

2. If o' > 61, then d; > b (i,0%) — T2 (i,77) .



Under Lemma 6b):
b (z + 1,7'i) = max {b (i,Ti) ,b (z’,Ti + wi) — di} >b (z’,Ti) . (10)

Suppose b (i,0"1) does not exist (i.e. o™ < 4§), or b (i,0") exists

and b (i, 0”1) <b (i, ottt 4 wi) — d;. In both cases, under Lemma 6,
b(i+1,0") =b(i,0™ +w;) — d. (11)
We will prove that (11) leads to a contradiction, so that b (z’,a”l)

exits and b (z', 0”‘1) >b (z', ot 4 wi) — d;, which implies ¢ ¢ S for all

Se arg max (1 —dr) as desired.
TCPi+1:WTZq70'i+1

We have two cases:

o If ot + W, < 6. Then bl twi) < b(iT’,-Ti) and

Ui+1+w¢
b(i+ 1,00 b(i,0"™ +wi) — d;
i+l - oitl
b (i, 0™ 4 wi) — b (i, 07) + T=5b (i, 71)
< it
Sy (4, 78) — Zop (i, 77) + Z525b (i, 77)
< O-i+1
_ b (z’,f') 19 b (i + ;,Ti)
T? - T

which is a contradiction.

o If o't +w; > 6! then under Corollary 3, b (z’,a”l —i—wi) =
b (i,ai). Ifb (z’,ai) >0, ot = 6 +1 and ot + w; > o, which
implies (ai — w@-) JotL < 1. If b (z’,ai) =0,b (i,Ti) = 0. Hence:

b (z +1, ai“) b (z’, ot 4 wi) —d;
oitl - oitl
b (6,0 +w;) — b (i, 07) + Z=21b (i, 7)
< oitl
_ dwblir) _br) @b
O-z+1 Tt — T — Tt

which is a contradiction.



b) Recall that we assumed b(i,0") > 0 for all o* € ¥°. Thus, b (i,7") <0
for some 7¢ € T% implies o > §**1. Under Corollary 3, this means b (z’, ai) =
b(i,6"). Let a be such that 7! < a < §""'. Under Lemma 6, we have two

cases:
1. b(i+1,a) =b(i,a + w;) — d;. Then
b(i+1,0) <b(i,o+w;) —b(i,6).
Since a 4+ w; < 8", b (i, +w;) < b (i,6") and thus b (i + 1,a) < 0.

2. b(i+1,0) =b(i,a). Then v} < a < &' and
b(z+1,a)<b(17f)<0

o Tt

and thus b (i +1,a) < 0.

Since b(i +1,a) < 0 for all o, we conclude b (z + 1,0”1) < 0 for all
ot € ¥ and thus by Lemma 5 all the players get zero. m
Proof of Proposition 2. We proceed by backwards induction on i. For
1 = n, its strategy is clearly optimal.

Assume now the result is true for B (d,i 4+ 1) and moreover assume the

following two conditions hold:
Condition 1 The formed coalition maximizes the benefit per vote, that is
SNP € arg max (1—drp)
TCPiy1:wp>q—oit!
for some ol € Y1 (This condition holds trivially for i + 1 = n

because X" = {w, }).

Condition 2 The above S and ¢**! are such that S N P;,; is one of the
most favorable sets for player i (i.e. i ¢ S implies i ¢ T for all

T ¢ argmax (1 —dr) and all &' € 1), Among them, it
TCPiy1:wp>q—o't!
is one of the most favorable to player i — 1, etc. (This condition holds

for i + 1 = n because X" = {w,, } and n applies the tie-breaking rule).



We check that this remains true for B (d,i). Let 7¢ € T¢. We have two

cases:

1. If 6 > w; for all 0 € X, then it is straightforward to check that player
i obtains strictly less than d; by forming coalition. If ¢ demands d,

there is a coalition S C P; such that SU{:} € arg max (1—dr)
TCP¢+1:wT2q7cri+1

for o't = ¢ — w; € ¥ (Lemma 9a). The induction hypothesis
(Conditions 1 and 2) implies that d} will be accepted. Assume player
i deviates by demanding d; > d7. If b (’L',Ti) > 0, under Lemma 10a)

player ¢ does not belong to any coalition in arg max (1—drp)
TCPiy1:wp>q—oit!
for any ol € X! and its final payoff is zero under the induction

hypothesis (Condition 1). If b (i, Ti) < 0, under Lemma 10b), its final

payoff is zero.

Moreover, Conditions 1 and 2 hold for i. Condition 1 follows from
Lemma 9b) and the induction hypothesis applied to Conditions 1 and
2. Condition 2 follows from the tie-breaking rule applied by the player
j > i that eventually forms coalition.

2. Ifw; € X then 1-dg = b (i,w;) = d} forallS € argmax (1 —dr).

TCPwr>qg—w;

This means that if player ¢ forms a winning coalition it obtains a final
payoff of b (i, w;). Suppose player i deviates and demands d; > b (i, w;).

It is enough to check that i ¢ S for all S € arg max (1—dr)
TCP¢+1:wT2q7cri+1

and all ¢'t! € X1, Under the induction hypothesis applied to Con-
dition 1, this means that player ¢ will not be included in any eventual
winning coalition, and its final payoff will be zero, while the original

strategy yields a nonnegative payoff.

For constant-sum homogeneous games it is always the case that w; <
61 thus b(i + 1,w;) is well defined. Under Lemma 6b),

b(i+1,w;) = max {b(i,w;),b(i,2w;) — d;} > b(i,w;) (12)



Suppose that i € .S for some S € arg min dr and some o'l €
TCPi+1:uJT2q*Ui+1

Y1 This means

b(i+1,0") =b(i,0" +w;) — d;

and hence
bi+1,0) b0t fw) —d
i+l - i+l

b(i,0™ +w;) — b(i,w;)

< O—i+1
I (4, w;) — b (4, w;)

< i+l
(0i+1 + wi) b (i, wi) - wib (i, wi)

- w; it

- Wi - Ww;

which is a contradiction. This contradiction proves that i ¢ S for all

S e arg min dr, as desired.
TCPiy1:wp>q—oit!

We now check that Conditions 1 and 2 hold for ¢. If player ¢ forms
coalition, Condition 1 holds with ¢! = w;, and Condition 2 holds
because of the tie-breaking rule. If player ¢ demands d} so that S*
is induced, it must be the case that {w;} ¢ . Hence, there exists
o' € ¥ with ¢® > w;. Then, Condition 1 follows from Lemma 9b) and
the induction hypothesis applied to Conditions 1 and 2. Condition 2
follows from the tie-breaking rule applied by the player that eventually

forms coalition.

[
Proof of proposition 3. We proceed by backwards induction on 7. We

prove the following three hypotheses:

1. If b(i, %) < 0, all players get zero in every SPE of B (d,1).

10



2. If b(i,0*) > 0, player i receives df > 0 in every SPE of B (d,4) and the

coalition that forms satisfies SN P; € argmax (1 —dr) for some
TCPithEQ7O'i
o' e X

3. If b(i,0%) = 0,
a) player i gets df = 0 in every SPE of B (d, i);
b) there is a SPE of B (d,¢) in which a winning coalition forms;

¢) if a winning coalition S forms, then SN P; € argmax (1 —dyp)
' ) TCP;:wr>q—o?
for some o* € 3.

The induction hypothesis holds for player n. Now suppose it holds for
player ¢ + 1. Does it hold for player 47

1. If b(i, 0%) < 0, all players get zero (Lemma 5).

2. If b(i,0%) > 0, player i cannot get more than df by forming coalition.
If player i demands more than df and b(i,7%) > 0, we know from

Lemma 10a) that i ¢ argmax (1 —dyp) for all o't € ¥itl,
TCPy1:wp>q—0oit!
The induction hypothesis implies that player i gets zero. If player ¢

demands more than d} and b(i,7") < 0, we know from Lemma 10)

that player i gets zero.

Now we show that player i can get at least df. This is immediate if
w; € X% Suppose w; ¢ Y. Since b(i, o) > 0, we know df > 0. The
value of d;, ; induced by di may be strictly positive or 0. Suppose
player i demands d; < dj. Then the corresponding value of d; , is
strictly positive. Under Lemma 11, player ¢ belongs to all coalitions
associated with some element of ¥+, and the induction hypothesis
for di, ; > 0 implies that player ¢ gets d;. Thus, the perfectness of the
equilibrium implies that d} is accepted (otherwise, player i would not

have a best response).

11



Moreover, Lemma 9b), the induction hypothesis and the fact that
d; is accepted imply that the coalition that forms satisfies S N P; €

argmax (1 — dr) for some 0! € X7,
TCPy:wr>q—o®

. If b(i,0%) = 0, then df = 0 and, moreover, o € X! if and only if
b(i,a) = 0.

a) It is trivial that player ¢ gets df = 0. If d; > d, the induction
hypothesis implies that no coalition to which player ¢ belongs will

form.

b) There is an equilibrium of the subgame in which a coalition associ-
ated with o¢ € X! forms. This is clearly the case for w; € X% Other-
wise, it is optimal for player i to demand d; = 0. Then b (z + 1, 0”1) =
0 for all 0*t! € ! and the induction hypothesis implies that there

is a SPE of B (i, d) in which a winning coalition is formed.

¢) Assume a winning coalition S is formed with SNP; ¢ argmax (1
) ) ' . TCP;:wr>q—0ot
for all o* € ¥*. This means that, for a given ¢* € ¥*, either wgnp, >

g—o'butl— dsnp, is not maximal, or wgnp, < g — ot

Assume first there exists o¢ € X? such that wgnp, > g—0o' but 1—dgnp,
is not maximal. Since b (i, O'i) = 0, this means dsnp, > 1 and it cannot

be optimal at any subgame to form S.

Assume now wgnp, < ¢ — o' for all o* € ¥, Since b (z’,ai) =0 and
b (i, @) is nondecreasing in «, §° € %% thus wgnp, < ¢—6°. This means

wsnp; +wsn(v\p) < ¢- Thus, S is not a winning coalition.

12



