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Abstract

We present a simple mechanism of negotiation, based on offers

and counteroffers. This leads to a unified solution theory for non-

transferable utility (NTU) games that has as special cases the Nash

bargaining solution for pure bargaining problems, the Shapley value

for transfer utility (TU) games, and the Shapley NTU value for general

cooperative games. These results are similar to those of the bargain-

ing mechanism of Hart and Mas-Colell (1996) yielding the consistent

value (Maschler and Owen (1898, 1992)). The mechanism presented

here solves some problematic issues in Hart and Mas-Colell’s model.

Furthermore, a natural extension to games with coalition structure,

yielding the Owen value (Owen (1977)) for TU games is provided.
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1 Introduction

Given a group of agents or players that can benefit from cooperation, how

will the benefits of this cooperation be distributed among them?

We assume that the players, as rational, completely informed, and selfish1

utility maximizers negotiate among them. How will they agree on a payoff?

Notice that we do not ask what payoff is the fairest, or the most reason-

able, but how will they agree on a non-cooperative environment without the

presence of a planner.

Hart and Mas-Colell (1996) designed a non-cooperative game such that

the consistent value (Maschler and Owen, 1989 and 1992) arises in stationary

subgame perfect Nash equilibria. As far as we know, no similar result has

been obtained for other extensions of the Shapley value (Shapley (1953)) and

the Nash solution (Nash (1950)) to NTU games, such like the Harsanyi value

(Harsanyi (1959, 1963)) or the Shapley NTU value2 (Shapley (1969)).

Even though Hart and Mas-Colell never mention a planner, their model

establishes that a player may, eventually, drop out the negotiation table,

leaving the rest of the players bargaining among them. The excluded players

get zero, with no chance to come back to the negotiation table nor to bargain

among themselves.

In this paper, we present an alternative model of bargaining in which

players are never excluded.

In Hart and Mas-Colell’s model, players should propose payoffs. How-

ever, it is not uncommon that offers in real negotiations do not refer to

final payoffs, but to general policies, rules or solutions. For example, van

Damme (1986) proposes a game in two-player pure bargaining problems in

which players’ offers are solution concepts (such like the Nash solution, or

the Kalai-Smorodinsky solution).

For more than two players, the payoff proposed by a solution concept

1i.e. they only care of their own profit. They don’t care for the profit of the other

players.
2A work in this direction has been already taken in Vidal-Puga (2004).
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depends on who are the players involved. Following this idea, in our game

the offers are rules that assign a different payoff to each subcoalition, i.e. a

rule is a function f that assigns to each coalition S a vector f (S) ∈ RS that

is feasible for S.

2 Preliminaries

Let R be the set of real numbers. Similarly, R++ and R+ are the set of

positive and nonnegative real numbers, respectively. Given any finite set S,

we denote the cardinality of S as |S|, and the set of all functions from S to

R as RS. The sets RS++ and RS+ are defined analogously. We also denote

the cardinal set of S as 2S , i.e. 2S ≡ {T : T ⊂ S}. A member x of RS is

an |S|-dimensional vector whose coordinates are indexed by members of S;

thus, when i ∈ S, we write xi for x (i). If x ∈ RS (or x ∈ RN) and T ⊂ S

(or T ⊂ N), we write xT for the restriction of x to T , i.e. the members of

RT whose ith coordinate is xi. With some abuse of notation, given x ∈ RS

and a ∈ R, we write (x, a) ∈ RS∪{i} for the member of RS∪{i} whose ith

coordinate is a and whose restriction to S is x. Given x, y ∈ RS, we write
x ≥ y if xi ≥ yi for all i ∈ S.

Let N = {1, 2, ..., n} be a finite set of players. Nonempty subsets of

N are called coalitions. A non-transferable utility (NTU) form3 on N is

a correspondence V that assigns to each coalition S a subset V (S) ⊂ RS

satisfying the following properties:

(A1) For each S ⊂ N , the set V (S) is nonempty, closed, convex, compre-

hensive (i.e., if x ∈ V (S) and y ≤ x, then y ∈ V (S)), and bounded

above (i.e., for each x ∈ RS, the set {y ∈ V (S) : y ≥ x} is compact).

(A2) Normalization: For each i ∈ N , the maximum of {x : x ∈ V ({i})},
which we denote as ωi, is nonnegative.

3As in Hart and Mas-Colell (1996), we use the term form instead of the most usual

game in order to avoid confusions with non-cooperative games.
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(A3) Zero-Monotonicity : For each S ⊂ N , x ∈ V (S) and i /∈ S, we have
(x, ωi) ∈ V (S ∪ {i}). In particular, this implies that (ωi)i∈S ∈ RS

belongs to V (S).

(A4) The boundary of V (N), which we denote as ∂V (N), is smooth (i.e.,

at any point of ∂V (N) there exists a unique outward normal direction)

and nonlevel (i.e. the outward normal vector at any point of ∂V (N)

has all its coordinates positive.)

(A5) For any outward normal vector λ at any point of ∂V (N), there exists

maxx∈V (S)
{∑

i∈S λixi
}
for all S ⊂ N .

Properties (A1), (A2), (A3), and (A4) are standard properties. The nor-

malization given in (A2) does not affect our results. Property (A4) has been

previously used by Hart and Mas-Colell (1996, in hypothesis (A2), page 359)

and Serrano (1997, in assumption A4, page 61). The hypothesis in Hart and

Mas-Colell (1996) is stronger, since it requires smoothness and nonlevelness

in every coalition S ⊂ N .

Property (A5) deserves further discussion. It means that, if we project a

supporting hyperplane of ∂V (N) into RS, we get a supporting hyperplane of

∂V (S) (up to a linear translation). This property is satisfied by all transfer

utility forms and pure bargaining problems (see the formal definitions be-

low), and it is easily implied by property (A5) in Vidal-Puga (2004). If fact,

Property (A5) is only violated in degenerate situations in which the projec-

tion of ∂V (N) is flat and ∂V (S) asymptotically approaches it (see Figure

1.)

In Section 9, we see how this property can be avoided.

A pure bargaining problem onN is a pair (D, d) whereD ⊂ RN and d ∈ D.
The set D is assumed to be closed, convex, comprehensive, bounded above,

and its frontier ∂D is smooth and nonlevel. Furthermore, d ∈ D ∩ RN+ . A

pure bargaining problem (D, d) may then be expressed as the following NTU

game on N :

V (S) =
{
x ∈ RS : x ≤ d

}

4



for all S � N , and V (N) = D.

A transfer utility (TU) form on N is a function v : 2S → R that assigns to

each coalition S a real number v (S) with v (S\ {i}) ≤ v (S) for all i ∈ S ⊂ N ,

and v (∅) = 0. A TU form v on N may also be expressed as the following

NTU game on N :

V (S) =

{

x ∈ RS :
∑

i∈S

xi ≤ v (S)
}

(1)

for all S ⊂ N .

Let ΠN be the set of all permutations of players in N . Given S ⊂ N , let

ΠS denote the set of orders of the players in S. For notational convenience,

we write Π∅ ≡ {∅}. Given π ∈ ΠN and i ∈ N , we define P πi as the set of

players who come before i in the order π, namely

P πi ≡ {j ∈ N : π (j) < π (i)} .

Let v be a TU game on N and let π ∈ ΠN . Given i ∈ N , we define the

marginal contribution of player i under the order π in the game v as

mi (π, v) ≡ v (P πi ∪ {i})− v (P πi ) ∈ R.

The Shapley value (Shapley (1953)) of a TU form v on N is the vector

Sh (N, v) ∈ RN whose ith coordinate is given by

Shi (N, v) ≡
1

|ΠN |
∑

π∈ΠN

mi (π, v) ∈ R.

Let λ ∈ RN++ and let S ⊂ N . We define

vλ (S) ≡ sup

{
∑

i∈S

λixi : x ∈ V (S)

}

.

A point x ∈ V (N) is a Shapley NTU value (Shapley (1969)) payoff of V

if there exists a vector λ ∈ RN++ such that λixi = Shi
(
N, vλ

)
for all i ∈ N .

Players will decide how to share the benefit of their mutual collaboration,

and their only threat is to refuse to collaborate. Their payoff will only depend
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on the identity of the players who actually collaborate. Thus, we define a

rule as a function f which assigns to each coalition S a vector f (S) ∈ V (S).

Formally, a rule is a “payoff configuration” (see Hart and Mas-Colell (1996)).

However, a rule should not be interpreted as a payoff for every coalition, but

as an index that indicates the payoff when a particular coalition of players

has agreed to collaborate. We denote the set of all rules as ̥.

3 The model

Assume coalition S should decide an offer. If S = {i}, then player i proposes

a rule and we say that coalition S has decided this offer with consensus.

Suppose we know how a coalition of size |S|−1 decide an offer. This offer

can be decided with or without consensus. We now describe how coalition S

does. First, a player i is randomly chosen out of S, being each player equally

likely to be chosen. The coalition S\ {i} decides an offer f (we know how,

by induction hypothesis). If this proposed offer is reached with consensus,

then player i can either agree or disagree with f . If he agrees, then f will be

the offer of coalition S with consensus.

In case he disagrees, or the offer f is reached without consensus, player

i can make a counteroffer g. If all the players in S\ {i} accept (they are

asked in some prespecified order) then g will be the offer of coalition S with

consensus. If at least a player in S\ {i} rejects, then with probability ρ

a new player is randomly chosen out of S, and the process repeats. With

probability 1−ρ, there is breakdown and the offer of coalition S will be given

by f−i (T ) = f (T ) if i /∈ T and f−i (T ) = (f (T\ {i}) , ωi) if i ∈ T . In the

latter case, the offer is reached without consensus.

In the case the coalition is N , then the proposed rule g (that can reached

with or without consensus) is implemented, i.e. each player i receives gi (N).

We work with stationary strategies. A strategy is stationary if it only

depends on the elements present on the negotiation table, and not on the

history that yields these elements.
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From now on, when we say equilibrium, we mean stationary subgame

perfect Nash equilibrium.

It is useful to describe the game for two players, say 1 and 2. In this case,

we are in a pure bargaining problem. First a player (say, player 1) is chosen

and makes an offer4. If player 2 agrees, this offer is implemented. If player 2

disagrees, then he makes a counteroffer. If player 1 accepts the counteroffer,

it is implemented. If player 1 rejects, then with probability ρ the process

is repeated with a new random proposer. With probability 1− ρ, the game
finishes in disagreement, and each player gets his individually rational payoff.

Thus, the game for two players combines the alternate-proposer and the

random-proposer versions of the Rubinstein’s bargaining model, both of them

yielding the Nash bargaining solution as ρ approaches 1. However, the risk

of breakdown only arises after the counteroffer, which makes the first offer

stage innocuous.

As a conclusion, the game for two players is (essentially) the same as

the random-proposer version of Rubinstein’s model. This analysis can be

extended for more than two players when the game is a pure bargaining

problem. Thus, we have (cf. Theorem 3 in Hart and Mas-Colell, 1996) the

following result:

Theorem 3.1 For a pure bargaining problem, for each ρ there is at least one

equilibrium. Moreover, any equilibrium payoff converge to the Nash bargain-

ing solution as ρ approaches 1.

For more than two players, the offer of the coalition is not innocuous,

as it allows a reassignment of utilities among those that leave the player

indifferent. See Example 5 in Vidal-Puga (2004).

For TU games, we have the following result (that is consequence of The-

orem 6.2 Section 6, cf. Theorem 2 in Hart and Mas-Colell):

Theorem 3.2 Let (N, v) be a TU form. Then, for each 0 ≤ ρ < 1 there

is a unique expected equilibrium payoff, which coincides with the Shapley

4This offer is obviously made with consensus.
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value. Moreover, as ρ approaches 1, the final equilibrium payoffs approach

the Shapley value.

4 Analysis of the subgames

Let π1 be the first player in being chosen, i.e. coalition N\ {π1} must make
an offer. In order to make an offer, a second player is randomly chosen out of

N\ {π1}. Let π2 be this player, and so on. Each order π = [π1, ..., πn] ∈ ΠN

is equally likely to be chosen. Player πn is the one who makes the first offer.

Once an offer is made, we go back from πn to πn−1, from πn−1 to πn−2, and

so on.

We can distinguish two different kinds of subgames (see Figure 4b):

1. Subgame that begins when coalition S is due to make an offer. This

subgame is characterized by an order πN\S = [π1, π2, ..., πk] ∈ ΠN\S.

Once a player i ∈ S is randomly chosen out of S, we begin the subgame

in which coalition S\ {i} is due to make an offer. This new subgame

is characterized by π+i
N\S ∈ Π(N\S)∪{i} where π+it = πt for all t = 1, ..., k

and π+ik+1 = i, and so on. We denote these subgames as A
(
S, πN\S

)
,

A
(
S\ {i} , π+i

N\S

)
, and so on.

2. Subgame that begins when coalition S makes an offer f to player i.

This subgame is characterized by the rule f and an order πN\S =

[π1, π2, ..., πk] ∈ ΠN\S with i = πk. If player i agrees, we move to the

subgame in which coalition S ∪ {i} makes the offer f to player πk−1.

In the particular case S = N , f (N) is implemented.

We denote these subgames as B
(
S, f, πN\S

)
and B

(
S ∪ {i} , f, π−i

N\S

)
,

respectively, where π−i
N\S = [π1, π2, ..., πk−1] ∈ Π(N\S)\{i}. Note that in

π+i
N\S we have i ∈ S and we add player i to the order πN\S, whereas in

π−i
N\S we have i ∈ N\S and we remove player i out of the order πN\S.

Hence, we have the following transitions between subgames (see Figure
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4b):

A
(
S, πN\S

)
→





A
(
S\ {i} , π+i

N\S

)
if S �= {i}

B
(
S, f, πN\S

)
if S = {i}

B
(
S, f, πN\S

)
→






B
(
S ∪ {i} , f, π−i

N\S

)
or

B
(
S ∪ {i} , f−i, π−i

N\S

)
or

A
(
S ∪ {i} , π−i

N\S

)





if S �= N

f (N) if S = N.

The game is A (N, ∅). For notational convenience, we can state that

A (∅, π) = B (∅, π, w), where ∅ has ”agreed” without consensus on the rule w

with w (S) = ωS for all S ⊂ N .

5 Characterization of equilibria

We denote the equilibrium payoff in the subgameA (S, [π1...πk]) as a (S, [π1...πk]) ∈
RN .

Given π ∈ ΠN and i ∈ N , the set of predecessors of i under π is

P πN,i ≡ {j ∈ N : π (j) < π (i)}

and the set of successors of i under π is

SπN,i ≡ {j ∈ N : π (j) > π (i)} .

Proposition 5.1 Given S ⊂ N and πN\S ∈ ΠN\S, we define a
(
S, πN\S

)
∈

RN\S as follows:

a (S, [π1...πk]) =
1

|S|
∑

j∈S

a (S\ {j} , [π1...πk j]) for all k = 0, ..., n− 1

a (∅, π) ∈ ∂V (N)

ai (∅, π) = min
y∈V (SπN,i)

max(
aPπ

i
(∅,π),xi,zk(i,y)

)
∈V (N)

xi for all i = πk ∈ N
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where zk (i, y) ∈ RSπN,i is inductively defined as follows:

zt (i, y) = ρaSπ
N,i

({πt, ..., πn} , [π1...πt−1]) + (1− ρ) zt−1 (i, y) for all t = 1, ..., k

z0 (i, y) = y.

When all the offers are accepted, these a
(
S, πN\S

)
characterize the equi-

librium payoffs in each subgame A
(
S, πN\S

)
.

Proof. (Sketch) Given S ⊂ N and πN\S ∈ ΠN\S, let b
(
S, πN\S

)
denote the

final payoff in the subgame A (S, [π1...πk]). We will prove that a
(
S, πN\S

)
=

b
(
S, πN\S

)
. Since we move from A (S, [π1...πk]) to A (S\ {πk+1} , [π1...πk+1])

by randomly choosing player πk+1 out of S, it is clear that the equilibrium

payoffs satisfy

b (S, [π1...πk]) =
1

|S|
∑

j∈S

b (S\ {j} , [π1...πk j])

for all k = 0, ..., n− 1.

Assume player i is the first one to be chosen (i.e. π1 = i and SπN,i =

N\ {i}). Players in N\ {i} will propose a rule f with or without consensus.

We will compute the minimum payoff player i can assure for himself. This

can be done by rejecting5 f and proposing a rule that leaves players in N\ {i}
indiferent between voting ‘yes’ or ‘no’, i.e. player i would propose a rule g

satisfying

gj (N) = ρbj (N, ∅) + (1− ρ) fj (N\ {i}) ≡ z̃1j (i, f (N\ {i}))

for all j ∈ SπN,i. This means that player i can assure himself a payoff of at

least

max
(xi,z̃1(i,f(N\{i})))∈V (N)

xi.

For simplicity, we assume that, in case of indiference between accepting

or rejecting an offer, player i strictly prefers to accept6. Hence, player i would

5only in case f is a proposal reached by consensus.
6A more elaborate argument should be developed o explain the case in which this

tie-breaking rule does not hold.
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accept any rule f satisfying the following two conditions:

fi (N) = min
y∈V (SπN,i)

max
(xi,z̃1(i,y))∈V (N)

xi = bi (N\ {i} , [i])

f
(
SπN,i
)
∈ arg min

y∈V (SπN,i)
max

(xi,z̃1(i,y))∈V (N)
xi.

A similar argument can be done for player i when he is the second one

in the order. This means that there is an additional player, say π1, waiting

for a proposal and player i receives a proposal f from players in N\ {π1, i}.
Any proposal f is bound to be accepted by player π1 as long as

fπ1 (N) = bπ1 (N\ {π1} , [π1])
f (N\ {π1}) ∈ arg min

y∈V (SπN,π1)
max

(xπ1 ,z̃1(π1,y))∈V (N)
xπ1 .

Taking these constrains into account, player i can reject7 f and propose

an acceptable rule (acceptable for player π1) that leaves players in N\ {π1, i}
indiferent between voting ‘yes’ or ‘no’, i.e. player i can propose a rule g

satisfying the above conditions and furthermore

gj (N) = ρbj (N\ {π1} , [π1]) + (1− ρ) z̃1j (i, f (N\ {π1, i}))
≡ z̃2j (i, f (N\ {π1, i}))

for all j ∈ N\ {π1, i}. Notice that z̃1 (i, f (N\ {π1, i})) is the payoff that the

members of N\ {π1, i} would get if they vote ‘no’ and there is a partial break-
down (hence player π1 makes an offer that leaves them indifferent between

voting ‘yes’ or ‘no’).

This means that player i can assure himself a payoff of at least

max
(bπ1(N\{π1},[π1]),xi,z̃2(i,f(N\{π1,i})))∈V (N)

xi.

Hence, player i would accept any rule satisfying the following two condi-

7only in case f is a proposal reached by consensus.
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tions:

fi (N) = min
y∈V (SπN,i)

max
(bπ1 (N\{π1},[π1]),xi,z̃2(i,y))∈V (N)

xi

= bi (N\ {π1, i} , [π1i])
f
(
SπN,i
)
∈ arg min

y∈V (SπN,i)
max

(bπ1(N\{π1},[π1]),xi,z̃2(i,y))∈V (N)
xi.

Once the turn reaches the last player, say πn, the best acceptable offer is

to propose f such that f (N) = a (∅, π) ∈ ∂V (N) and

fi (N) = bi

(
SπN,i, πN\SπN,i

)

f
(
SπN,i
)
∈ arg min

y∈V (SπN,i)
max(

bPπ
N,i
(N\{π1},[π1]),xi,z̃k(i,y)

)
∈V (N)

xi

for all i = πk ∈ N . Hence, the values b
(
S, πN\S

)
and z̃ (i, y) coincide with

a
(
S, πN\S

)
and z (i, y) respectively, as desired.

Assume ∂V (N) is flat, i.e.

V (N) =

{

x ∈ RN :
∑

i∈N

λixi ≤ vλ (N)

}

. (2)

Thus, we can restate Proposition 5.1 as follows:

Proposition 5.2 If ∂V (N) is flat, the equilibrium payoffs are characterized

by

a (S, [π1...πk]) =
1

|S|
∑

j∈S

a ([π1...πkj]) for all k = 0, ..., n− 1 (3)

∑

i∈N

λiai (∅, π) = vλ (N) (4)

λiai (∅, π) = vλ (N)−
∑

j∈Pπ
N,i

λjaj (∅, π)

−
k∑

l=1

ρ (1− ρ)l−1
∑

j∈Sπ
N,i

λjaj ({πk−l+1, ..., πn} , [π1...πk−l])

− (1− ρ)k vλ
(
SπN,i
)

(5)

for all i ∈ N .
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Proof. Conditions (3) and (4) are clear. We prove condition (5). Under (2),

max(
aPπ

i
(∅,π),xi,zk(i,y)

)
∈V (N)

xi =
1

λi



vλ (N)−
∑

j∈Pπ
N,i

λjaj (∅, π)−
∑

j∈Sπ
N,i

λjz
k
j (i, y)





and so

λiai (∅, π) = min
y∈V (SπN,i)



vλ (N)−
∑

j∈Pπ
N,i

λjaj (∅, π)−
∑

j∈Sπ
N,i

λjz
k
j (i, y)





= vλ (N)−
∑

j∈Pπ
N,i

λjaj (∅, π)− max
y∈V (SπN,i)

∑

j∈Sπ
N,i

λjz
k
j (i, y) .

We compute this last term. We have to prove

max
y∈V (SπN,i)

∑

j∈Sπ
N,i

λjz
k
j (i, y) =

k∑

l=1

ρ (1− ρ)l−1
∑

j∈Sπ
N,i

λjaj ({πk−l+1...πn} , [π1...πk−l])

+ (1− ρ)k vλ
(
SπN,i
)

(6)

By definition,

max
y∈V (SπN,i)

∑

j∈Sπ
N,i

λjz
0
j (i, y) = max

y∈V (SπN,i)

∑

j∈Sπ
N,i

λjyj = vλ
(
SπN,i
)

and hence (6) is satisfied for k = 0, i.e. i = π1. Assume (6) is satisfied for

k − 1, i.e.

max
y∈V (SπN,i)

∑

j∈Sπ
N,i

λjz
k−1
j (i, y) =

k−1∑

l=1

ρ (1− ρ)l−1
∑

j∈Sπ
N,i

λjaj ({πk−l...πn} , [π1...πk−l−1])

+ (1− ρ)k−1 vλ
(
SπN,i
)
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By definition of zk (i, y) and the induction hypothesis,

max
y∈V (SπN,i)

∑

j∈Sπ
N,i

λjz
k
j (i, y) = ρ

∑

j∈Sπ
N,i

λjaj ({πk...πn} , [π1...πk−1])

+ (1− ρ) max
y∈V (SπN,i)

∑

j∈Sπ
N,i

λjz
k−1
j (i, y)

= ρ
∑

j∈Sπ
N,i

λjaj ({πk...πn} , [π1...πk−1])

+
k∑

l=2

ρ (1− ρ)l−1
∑

j∈Sπ
N,i

λjaj ({πk−l+1...πn} , [π1...πk−l])

+ (1− ρ)k vλ
(
SπN,i
)

which coincides with (6).

We prove that these equations characterize the Shapley NTU value.

Lemma 5.1 If ∂V (N) is flat, then a (S, [π1...πk]) ∈ ∂V (N) for all k =

0, ..., n and S = {πk+1, ..., πn}.

Proof. We proceed by backwards induction on k. For k = n, the result is

given by (4). Assume the result is true for k + 1. Then, by (3)

a (S, [π1...πk]) =
1

|S|
∑

j∈S

a (S\ {j} , [π1...πkj]) .

By induction hypothesis, each a ([π1...πkj]) belongs to ∂V (N). Thus,

∑

i∈N

λiai (π1...πk) =
∑

i∈N

λi
1

|S|
∑

j∈S

ai (S, [π1...πkj])

=
1

|S|
∑

j∈S

∑

i∈N

λiai (S, [π1...πkj])

=
1

|S|
∑

j∈S

vλ (N)

= vλ (N) .
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Lemma 5.2 Let i ∈ N and π ∈ ΠN such that π (i) = 1 (i.e. π1 = i). Then

ai (∅, π) = ai (N\ {i} , [i]).

Proof. Let π ∈ Π such that π (i) = 1, i.e. π = [iπ2...πn]. By (5), λiai (π)

depends on V
(
SπN,i
)
but not on the order [π2....πn]. Thus, λiai (π

′) = λiai (π)

for all π′ ∈ ΠN with π′ (i) = 1. By (3) and a standard backwards induction

argument, it is not difficult to show that λiai (∅, π) = λiai (N\ {i} , [i]).

Lemma 5.3 If ∂V (N) is flat,

λi [ai (N\ {i} , [i])− ρai (N, ∅)] = (1− ρ)
[
vλ (N)− vλ (N\ {i})

]

for all i ∈ N .

Proof. By (5) and Lemma 5.2,

λiai (N\ {i} , [i]) = vλ (N)− ρ
∑

j∈Sπ
N,i

λjaj (N, ∅)− (1− ρ) vλ
(
SπN,i
)

= (1− ρ) vλ (N) + ρ



vλ (N)−
∑

j∈N\{i}

λjaj (N, ∅)



− (1− ρ) vλ (N\ {i})

by (4),

λiai (N\ {i} , [i]) = (1− ρ) vλ (N) + ρλiai (N, ∅)− (1− ρ) vλ (N\ {i})

from where the result is easily deduced.

Proposition 5.3 If ∂V (N) is flat, the unique equilibrium payoff when all

the offers are accepted is the Shapley NTU value.

Proof. We proceed by induction on the number of players. For n = 1,

λ1a1 (N, ∅) = λ1a1 (N\ {i} , [i]) = vλ (N) = Shi
(
N, vλ

)
.

Assume the result is true for n−1. Fix α ∈ N . Let N∗ = N\ {α}. Given
π∗ ∈ ΠN

∗

, we define π = [απ∗1...π
∗
n] and

b (S, [π∗1...π
∗
k]) ≡ a (S, [απ∗1...π∗k])

15



where S =
{
π∗k+1, ..., π

∗
n

}
.

It is not difficult to see that S = SπN,i = Sπ
∗

N∗,i and P
π
N,i = P π

∗

N∗,i ∪ {α} for
all i ∈ N∗.

We prove that these points satisfy (3), (4) and (5). Given k < n− 1, let

i = π∗k. Thus,

b (S, [π∗1...π
∗
k]) = a (S, [απ∗1...π

∗
k])

=
1∣∣SπN,i
∣∣
∑

j∈Sπ
N,i

a (S\ {j} , [απ∗1...π∗kj])

=
1∣∣Sπ∗N∗,i

∣∣
∑

j∈Sπ
∗

N∗,i

b (S\ {j} , [π∗1...π∗kj]) .

Hence, (3) is satisfied.

We now check (5) is satisfied. Let a (N, [απ−1]) = a (N, ∅). Then,

λibi (∅, π∗) = λiai (∅, π)
= vλ (N)−

∑

j∈Pπ
N,i

λjaj (∅, π)

−
k+1∑

l=1

ρ (1− ρ)l−1
∑

j∈Sπ
N,i

λjaj ([απ1...πk−l])

− (1− ρ)k+1 vλ
(
SπN,i
)

= vλ (N)− λαaα (π)−
∑

j∈Pπ
∗

N∗,i

λjaj (π)

−
k∑

l=1

ρ (1− ρ)l−1
∑

j∈Sπ
∗

N∗,i

λjaj ([απ1...πk−l])

−ρ (1− ρ)k
∑

j∈Sπ
∗

N∗,i

λjaj (∅)− (1− ρ)k+1 vλ
(
Sπ

∗

N∗,i

)
. (7)

Let
(
N∗, vλ,α

)
be a TU form defined as follows:

vλ,α (T ) ≡ ρ
∑

j∈T

λjaj (∅) + (1− ρ) vλ (T )

16



for all T ⊂ N∗. In particular, by Lemma 5.1,

vλ,α (N∗) = ρ
∑

j∈N∗

λjaj (∅) + (1− ρ) vλ (N∗)

= ρ
(
vλ (N)− λαaα (∅)

)
+ (1− ρ) vλ (N\ {α})

by applying Lemma 5.2 and Lemma 5.3,

vλ,α (N∗) = vλ (N)− λαaα (π) + λα [aα (π)− ρaα (∅)]
− (1− ρ) vλ (N) + (1− ρ) vλ (N\ {α})

= vλ (N)− λαaα (π) + (1− ρ)
[
vλ (N)− vλ (N\ {α})

]

− (1− ρ) vλ (N) + (1− ρ) vλ (N\ {α})
= vλ (N)− λαaα (π) . (8)

Then, (7) can be restated as follows:

λibi (π
∗) = vλ,α (N∗)−

∑

j∈Pπ
∗

N∗,i

λjaj (π)

−
k∑

l=1

ρ (1− ρ)l−1
∑

j∈Sπ
∗

N∗,i

λjbj
([
π∗1...π

∗
k−l

])

− (1− ρ)k vλ,α
(
Sπ

∗

N∗,i

)
.

and thus these vectors satisfy (5) for vλ,α. We prove now that they also

satisfy (4) for vλ,α. By Lemma 5.1 and (8),
∑

i∈N∗

bi (π
∗) =

∑

i∈N\{α}

ai (π) = vλ (N)− λαaα (π) = vλ,α (N∗) .

Thus, these vectors satisfy (3), (4) and (5) for vλ,α. By induction hypoth-

esis

λibi [∅] = Shi
(
N∗, vλ,α

)
= Shi

(
N\ {α} , vλ,α

)
.

We now have

nλiai (∅) =
∑

j∈N

λiai ([j]) = λiai ([i]) +
∑

j∈N\{i}

λiai ([j])

= λiai ([i]) +
∑

j∈N\{i}

Shi
(
N\ {j} , vλ,j

)
.
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Let (N∗, w∗) be the inessential form given by w∗ (T ) =
∑

i∈T λiai (∅) for
all T ⊂ N∗. Then, vλ,j = ρw∗+(1− ρ) vλ. By the additivity property of the
Shapley value:

Shi
(
N\ {j} , vλ,j

)
= ρShi (N\ {j} , w∗) + (1− ρ)Shi

(
N\ {j} , vλ

)

= ρλiai (∅) + (1− ρ)Shi
(
N\ {j} , vλ

)

and thus

nλiai (∅) = λiai ([i]) + (n− 1) ρλiai (∅) + (1− ρ)
∑

j∈N\{i}

Shi
(
N\ {j} , vλ

)

= λi [ai ([i])− ρai (∅)] + nρλiai (∅) + (1− ρ)
∑

j∈N\{i}

Shi
(
N\ {j} , vλ

)
.

By Lemma 5.3,

n (1− ρ)λiai (∅) = (1− ρ)
[
vλ (N)− vλ (N\ {i})

]
+ (1− ρ)

∑

j∈N\{i}

Shi
(
N\ {j} , vλ

)

and thus

nλiai (∅) = vλ (N)− vλ (N\ {i}) +
∑

j∈N\{i}

Shi
(
N\ {j} , vλ

)
= nShi

(
N, vλ

)
.

6 The main conjectures

We have the following conjecture (cf. Proposition 6 in Hart and Mas-Colell

(1996)):

Conjecture 6.1 Suppose that (N,V ) is a form satisfying (A1)-(A5). Then,

for each 0 ≤ ρ < 1 there exists an equilibrium.

We also have (cf. Proposition 7 in Hart and Mas-Colell (1996)):
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Conjecture 6.2 Suppose that (N,V ) is a form satisfying (A1)-(A5) and,

moreover, ∂V (N) is flat. Then, for each 0 ≤ ρ < 1 there is a unique equi-

librium. Moreover, the expected equilibrium payoff equals the unique Shapley

NTU value payoff of (N, V ).

Notice that the game for ρ = 0 is (essentially) the game presented by

Vidal-Puga (2004), that yields the Shapley NTU value when V (N) is flat.

Let λ ∈ RN++ be the outward orthogonal vector to V (N). In the game

A (N, ∅), a random permutation π is chosen, and the subgames B (S, π, f)

with S = N\ {π1, ..., πt} are the stages in Vidal-Puga (2004). Given an order
π, the final equilibrium payoff is 1

λ
m
(
π, vλ
)
.

Finally, we have (cf. Proposition 8 in Hart and Mas-Colell (1996)):

Conjecture 6.3 Let (N, V ) be a form satisfying (A1)-(A4). If a (ρ) is an

equilibrium payoff for each ρ and a is a limit point of a (ρ) as ρ→ 1, then a

is a Shapley NTU value payoff of (N, V ).

The forms with ∂V (N) flat in our model take the role of the hyperplane

forms in Hart and Mas-Colell’s model.

7 Two examples

7.1 A classical example

In this section we apply the above game to an exchange economy which

appeared in Hart (1985):

Example 7.1 (Hart, 1985) Consider a pure exchange economy with three

traders and three commodities. Initial endowments and utility functions are

given by:

trader endowment utility function

1 (2, 2, 0) a+ b− 4

2 (2, 0, 2) a
2
+ c− 3

3 (0, 2, 2) b+ c− 4
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The NTU form is given by

V ({i}) =
{
t ∈ R{i} : t ≤ 0

}
for i ∈ N

V ({1, 2}) =
{
(t1, t2) ∈ R{1,2} : t1 + 2t2 ≤ 0, 2t1 + t2 ≤ 3

}

V ({i, 3}) =
{
(ti, t3) ∈ R{1,3} : ti + t3 ≤ 0

}
for i = 1, 2

V (N) =
{
(t1, t2, t3) ∈ RN : t1 + t2 + t3 ≤ 1

}
.

The Shapley NTU value proposes a payoff of
(
1
2
, 1
2
, 0
)
.

The TU game associated with this example is given by λ = (1, 1, 1) and

vλ ({i}) = 0, vλ ({1, 2}) = 1, vλ ({i, 3}) = 0, and v (N) = 1 (see Figure 2.)

Let a ∈ V (N) be an equilibrium payoff.

Assume the first player to be chosen is player 3. Players 1 and 2 should

decide an offer f . If player 3 disagrees on f he would counteroffer gf with:

gf1 (N) = ρa1 + (1− ρ) f1 ({2, 3})
gf2 (N) = ρa2 + (1− ρ) f2 ({2, 3})
gf3 (N) ∈ ∂V (N)

Hence, we have

gf3 (N) = 1− ρ (a1 + a2)− (1− ρ) (f1 ({2, 3}) + f2 ({2, 3})) .

The final payoff for player 3 is gf3 (N). Then, players 1 and 2 should

propose f such that f3 (N) = gf3 (N), i.e.

f3 (N) = 1− ρ (a1 + a2)− (1− ρ) (f1 ({2, 3}) + f2 ({2, 3})) .

Then, player 3 is bound to agree and the final payoff is given by f (N).

The optimal agreements for players 1 and 2 are those which give player 3 the

minimum possible, i.e.

f3 (N) = min
(t1,t2)∈V ({1,2})

{1− ρ (a1 + a2)− (1− ρ) (f1 ({2, 3}) + f2 ({2, 3}))}

= 1− ρ (a1 + a2)− (1− ρ) max
(t1,t2)∈V ({1,2})

{(f1 ({2, 3}) + f2 ({2, 3}))}

= 1− ρ (a1 + a2)− (1− ρ)
= ρ (1− a1 − a2)
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which is attainable by proposing f with f ({1, 2}) = (2,−1).
If players 1 and 2 do not reach an agreement, their final payoff will be

(ρa1, ρa2). Then, when deciding an offer, players 1 and 2 are essentially

playing a Rubinstein alternating-offer model in a pure bargaining problem

(D, d) with disagreement point d = (ρa1, ρa2) and

D = {(t1, t2) : t1 + t2 ≤ 1− ρ (1− a1 − a2)} .

It is well-know that the expected final payoff (when player 1 is chosen

first) will be given by

b1 =
1 + ρa1 − ρa2 − ρ (1− a1 − a2)

2

b2 =
1− ρa1 + ρa2 − ρ (1− a1 − a2)

2
b3 = ρ (1− a1 − a2)

Assume now the first player in being chosen is player 2. Then, this player

2 would assure a payoff of 1 − ρ (a1 + a3) by disagreeing. The final payoff

will be given then by 1 − ρ (a1 + a3) for player 2 and ρaj for the other two

players.

Analogously, when the first player in being chosen is player 1, the final

payoff is 1− ρ (a2 + a3) for player 1 and ρaj for the other two players.
Then, the final payoff is given by

a1 =
(b1) + (1− ρ (a2 + a3)) + (ρa1)

3

a2 =
(b2) + (1− ρ (a1 + a3)) + (ρa2)

3

a3 =
(b3) + (ρa3) + (ρa3)

3
.

whose unique solution (for any ρ) is (0.5, 0.5, 0).
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7.2 An example with general ∂V (N)

We consider now an example in which ∂V (N) is not flat. Let N = {1, 2, 3}
and let V be given by

V ({i}) = {(ti) : ti ≤ 0} for i = 1, 2, 3

V ({1, 2}) = {(t1, t2) : t1 + t2 ≤ 1, t1 ≤ 1, t2 ≤ 1}
V ({i, 3}) = {(ti, t3) : ti ≤ 0, t3 ≤ 0} for i = 1, 2

V (N) =
{
(t1, t2, t3) : t

2
1 + t

2
2 + t

2
3 ≤ 1

}
− RN+ .

This NTU form is represented in Figure 3. The only Shapley NTU value

is (2/3, 2/3, 1/3) for λ = (2, 2, 1).

Let a ∈ V (N) be an equilibrium payoff.

Assume the first player to be chosen is player 3. Players 1 and 2 should

decide an offer f with f ({1, 2}) = (u, v) such that z with

(ρa1 + (1− ρ)u)2 + (ρa2 + (1− ρ) v)2 + z2 = 1

is minimum. This minimum is reached with (u, v) = (1, 0) or (u, v) = (0, 1).

For (u, v) = (1, 0):

z =

√
1− (ρa1 + 1− ρ)2 − ρ2a22

for (u, v) = (0, 1):

z =

√
1− ρ2a21 − (ρa2 + 1− ρ)2. (9)

We assume a1 ≤ a2. Then, the minimum is (9).

Now, players 1, 2 play a pure bargaining problem (D, d) with d = (ρa1, ρa2)

and

D =
{
(x, y) : x2 + y2 ≤ 1− z2

}
.

Then, player 1 proposes (x, y) such that

x = ρb1 + (1− ρ) ρa1
y =

√
1− z2 − (ρb1 + (1− ρ) ρa1)2
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and player 2 proposes (x, y) such that

x =

√
1− z2 − (ρb2 + (1− ρ) ρa2)2

y = ρb2 + (1− ρ) ρa2.

Then, the expected final payoff (when player 3 is chosen first) is

b1 =
ρb1 + (1− ρ) ρa1 +

√
1− z2 − (ρb2 + (1− ρ) ρa2)2

2
(10)

b2 =
ρb2 + (1− ρ) ρa2 +

√
1− z2 − (ρb1 + (1− ρ) ρa1)2

2
(11)

b3 = z. (12)

When player 2 is chosen first, the final payoff is (ρa1, ρa3) for {1, 3}, and
player 2 gets y such that (ρa1, y, ρa3) ∈ ∂V (N). Hence the final payoff (when

player 2 is chosen first) is

(
ρa1,
√
1− ρ2 (a21 + a23), ρa3

)
.

Analogously, when player 1 is chosen first, the final payoff is

(√
1− ρ2 (a22 + a23), ρa2, ρa3

)
.

Hence, the final expected payoff is

a1 =
b1 +

√
1− ρ2 (a22 + a23) + ρa1

3
(13)

a2 =
b2 +

√
1− ρ2 (a21 + a23) + ρa2

3
(14)

a3 =
b3 + 2ρa3

3
. (15)

The only solution of (9)-(15) is given8 in the following table:

8Solved using Scientific WorkPlace 5.00 (MacKickan Software, Inc.)
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ρ a1 a2 a3
√
a21 + a

2
2 + a

2
3

0 0.5 0.5 0 0.707 11

0.5 0.614 84 0.614 84 0.251 78 0.905 23

0.9 0.664 08 0.664 08 0.329 18 0.995 17

0.99 0.666 64 0.666 64 0.333 29 0.999 95

We compare this convergence to the convergence of the mechanism of

Hart and Mas-Colell. The consistent value is also (2/3, 2/3, 1/3):

ρ a1 a2 a3
√
a21 + a

2
2 + a

2
3

0 0.5 0.5 0.235 7 0.745 36

0.5 0.595 72 0.595 72 0.316 11 0.899 83

0.9 0.660 44 0.660 44 0.343 10 0.995 03

0.99 0.666 28 0.666 28 0.334 72 0.999 95

8 A brief discussion

In both the Shapley NTU value and the consistent value, the payoff that

the subcoalitions would get by themselves play an important role. However,

in the consistent value, these payoffs are computed assuming that the other

players are not present. Notice that this feature is presented in the game of

Hart and Mas-Colell’s (1996), where subcoalitions reach agreements when the

rest of the players are not present (have been dropped out). See Figure 4a).

These potential agreements are used as a threat in the negotiations among

the agents. The transfer rates are different depending on the subcoalition.

On the other hand, the transfer rate of each subcoalition in the Shapley

NTU value is computed taking into account the grand coalition, i.e. even

though players inside subcoalitions bargain among them, they do so taking

into account that the other players are still present. This feature also occurs

in our game, where the final agreement is reached with all players present.

This difference between both models should be stressed, because our game

do not exclude any player.
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One can imagine a group of people discussing about how to share the

benefit of their cooperation by doing offers and counteroffers. Even though

these offers may be given by single individuals (as in Hart and Mas-Colell’s)

one can imagine that the offers come from coalitions.

Hart and Mas-Colell’s model rules out this possibility. The role of the

coalitions only arises when the rest of the players are dropped out. Excluded

players have no chance to come back to the negotiation table. This fact is

quite problematic. In particular, since there is no planner, what does impede

the excluded players to negotiate among them?

Alternatively, one may think that coalitions should be capable to agree on

a common offer. If the coalition is a singleton, it is clear that its single mem-

ber would make an optimal offer for his interests. For two-player coalitions,

it is not so clear how they can agree on an optimal offer, because they have

to balance their mutual interests. However, the economic theory provides

us with a tool for solving the two-player case. The tool is the alternating

offers model of Rubinstein9 (1982). For three players, the offers are done by

single players or by two-player coalitions, and so on. Once we have a game

for coalitions of less than n players, we can apply an alternating-offers model

to bargain in the n-player case.

Our model follows this philosophy.

9 The limit equilibrium payoff

In this Section, we study property (A5). This property is only used in Con-

jecture 6.1. For example, consider the form (N, V ) with n = 3 given by

V ({i}) = {(xi) : xi ≤ 0} for all i ∈ N

V ({1, 2}) =

{

(x1, x2) : x2 +
x31 + x1 + 1

x21 + 1
≤ 3, x2 ≤

√
3

3

}

V ({1, i}) = {(x1, xi) : x1, xi ≤ 0} for i = 2, 3

V (N) = {(x1, x2, x3) : x1 + x2 + x3 ≤ 4} .
9Other possible models are provided by Luce and Raiffa (1953) and Moulin (1984).
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This form is sketched in Figure 1.

There is no equilibrium for this form, because players 1 and 2 have no best

strategy when deciding an offer. However, we can define the limit equilibrium

as follows.

Given ε > 0, a strategy profile is an ε-equilibrium if the agents play an

ε-optimal strategy in each subgame, i.e. no player can improve his payoff

more than ε by deviating in any subgame. Notice that any equilibrium is an

ε-equilibrium.

Assume for each ε > 0 we have an ε-equilibrium and the ε-equilibrium

payoffs approach a as ε approaches 0. Then, we say that a is a limit equilib-

rium payoff. Of course, any equilibrium payoff is a limit equilibrium payoff.

Now, we can restate Conjecture 6.1 as follows:

Conjecture 9.1 Suppose that (N,V ) is a form satisfying (A1)-(A4). Then,

for each 0 ≤ ρ < 1 there exists a limit equilibrium payoff.

And we can restate Conjecture 6.2 as follows:

Conjecture 9.2 Suppose that (N,V ) is a form satisfying (A1)-(A4) and,

moreover, V (N) is delimited by a hyperplane. Then, for each 0 ≤ ρ < 1

there is a unique limit equilibrium payoff. Moreover, the limit equilibrium

payoff equals the unique Shapley NTU value payoff of (N, V ).

10 Union structures

Frecuently, players do not act independently, but they belong to an union of

agents who act together, as one unit, relative to the rest of the players. Take

for example political parties in a parliament, syndicates in a wave negotia-

tion, parliamentary coalitions in a government, firms in a cartel, countries

in a tariff bargaining, member states of a federated country, etc. While the

individual players still play their roles as decision makers inside a union, in

all interactions with the other players, union members act as one unit.
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Let (N,V ) be a form. A union structure10 is a partition P = {S1, S2, ..., Sp}
of N , i.e.

⋃p
q=1 Sq = N and Sq ∩ Sr = ∅ for all q �= r. Then, (N, V, P ) is a

form with union structure.

Assume (N, v, P ) is a TU form with union structure. The form between

unions (v, v/P ) is defined as follows:

(v/P ) (B) =
∑

Sq∈B

v (Sq)

for all B ⊂ P .
The Owen value (Owen, 1977) of a TU form v on N with union structure

P is the vector Ow (N, v, P ) ∈ RN whose ith coordinate is given by

Owi (N, v, P ) ≡
1

|Π(P )|
∑

π∈Π(P )

mi (π, v) ∈ R

where Π (P ) ⊂ Π is the set of permutations in which the unions in P come

together.

In TU forms with union structure, the Owen value is a relevant so-

lution concept. It has been supported axiomatically (Owen (1977), Hart

and Hurz (1983, 1984), Winter (1992), Calvo et al. (1996), among others)

and also non-cooperatively (Vidal-Puga and Bergantiños (2003), Vidal-Puga

(2005)). Moreover, it has been successfully applied to cost allocation prob-

lems (Vázquez-Brage et al. (1997)) and political situations (Carreras and

Owen (1988, 1993), Ono and Muto (2001)).

In NTU forms with union structures, several generalizations of the Owen

value have been proposed. Winter (1991) presents the game coalition struc-

ture solution, which generalize both the Owen value and the Harsanyi value

(Harsanyi (1963)). Bergantiños and Vidal-Puga (2004) present the consis-

tent coalitional value and the random order value, which generalize both

the Owen value and the consistent value (Maschler and Owen (1989, 1992)).

10In the literature, the most frequent name is coalition structure. We use the term union

in order to avoid ambiguities with a coalition of players.
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Krasa, Temimi and Yannelis (2003) first study the Owen NTU value11, which

generalize both the Owen value and the Shapley NTU value.

A point x ∈ V (N) is a Owen NTU value payoff of V if there exists a

vector λ ∈ RN++ such that λixi = Owi
(
N, vλ

)
for all i ∈ N .

We can easily modify our game so that an union structure is taken into

account.

We call a supercoalition any nonempty subset of P . Hence, for a TU form

(N, v, P ) with union structure, a supercoalition is a coalition in the TU form

between unions (P, v/P ).

Assume supercoalition B ⊂ P should decide an offer. If B = {Sq}, then
union Sq proposes a rule following the game given in Section 3.

Suppose we know how a supercoalition of size |B| − 1 decides an offer.

We now define how supercoalition B does. First, a union Sq is randomly

chosen out of B, being each union equally likely to be chosen. The super-

coalition B\ {Sq} decides an offer f (we know how, by induction hypothesis).

Players in Sq can either agree or disagree on f . They do so by voting sequen-

tially in a random order12. If all of them agree, then f will be the offer of

supercoalition B. In case one of them disagrees, then the union Sq counter-

proposes a rule g, following the game given in Section 3. If all the unions

in B\ {Sq} accept (their members are asked in some random order13) then

g will be the offer of supercoalition B. If at least a coalition in B\ {Sq}
rejects, then with probability ρ a new union is randomly chosen out of B,

and the process repeats. With probability 1− ρ, there is breakdown and the

offer of supercoalition B will be given by h (T ) = f (T ) if T ∩ Sq = ∅ and

h (T ) =
(
f (T\ (T ∩ Sq)) , ωT∩Sq

)
if T ∩ Sq �= ∅.

11Shapley (1969) presented the Shapley NTU value as a generalization of any value

in TU games to NTU games. However, his generalization has been mainly used for the

Shapley value. Krasa et al. work with this generalization for the Owen value.
12One can define this voting stage as in the mechanism of Section 3. Instead of rules,

players propose answers, ‘to agree’ or ‘to disagree’. In case of breakdown, the answer is

‘to disagree’. We use the sequential vote protocol because it is simpler to analyze.
13The same as in the previous footnote.
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In the case the supercoalition is P , then the proposed rule f is imple-

mented, i.e. each player i receives fi (N).

Then, we have the same conjectures as in Section 6 for the Owen NTU

value:

Conjecture 10.1 Suppose that (N, V, P ) is a form with union structure such

that (N, V ) satisfies properties (A1)-(A5). Then, for each 0 ≤ ρ < 1 there is

an equilibrium. Moreover, as ρ approaches 1, every limit point of equilibrium

payoff is an Owen NTU value of (N, V, P ).

The idea of the proof is as follows. Assume ρ = 0 and ∂V (N) is flat.

Assume the unions are randomly chosen in the order Sp, Sp−1, ..., S2 and thus

union S1 should make the offer. Assume S1 = {1, 2, ..., s1}. Assume the

players in S1 are randomly chosen in the order s1, s1−1, ..., 1 and thus player

1 should make the offer. Then, the final payoff is 1
λ

∑
π∈Π′m

(
π, vλ
)
where

Π′ is the set of permutations compatible with the order [1, 2, ..., s1, S2, ..., Sp].

The following feature is important: the player who potentially disagrees is

not the one that makes the counteroffer. The order in which this counteroffer

is decided is chosen randomly among the permutations of the members of Sr,

so by expected terms the members of Sr get what player 1 is offering to them.

Hence, the final expected payoff is given by the average of the vectors of

marginal contributions when the players of the same coalition come together,

i.e. the Owen value of vλ.

Remark 10.1 Vidal-Puga (2005) generalizes Hart and Mas-Colell’s model

so that a union structure is taken into account. The generalized game works

well for TU forms and pure bargaining problems. For general NTU forms,

the resulting equilibrium payoff, if efficient, is the consistent coalitional value

(Bergantiños and Vidal-Puga (2004)). However, the result is not completely

satisfactory, since in many NTU forms the equilibrium payoff is inefficient.

29



11 References

1. Bergantiños G. and Vidal-Puga J.J. (2004) The consistent coalitional value.

Mathematics of Operations Research. Forthcoming.

2. Calvo E., Lasaga J. and Winter E. (1996) The principle of balanced con-

tributions and hierarchies of cooperation. Mathematical Social Sciences 31,

171-182.

3. Carreras F. and Owen G. (1988) Evaluation of the Catalonian parliament

1980-1984. Mathematical Social Sciences 15, 87-92.

4. Carreras F. and Owen G. (1993) An analysis of the Euskarian parliament.

Coalition theory and coalition government. Ed. by N. Schofield. Dordrecht.

Kluwer, 251-263.

5. Harsanyi J.C. (1959) A bargaining model for the cooperative n-person game.

In: Tucker and Luce (eds.) Contributions to the theory of games IV. Prince-

ton University Press, 325-355.

6. Harsanyi J.C. (1963) A simplified bargaining model for the n-person coop-

erative game. International Economic Review 4, 194-220.

7. Hart S. (1985) An axiomatization of Harsanyi’s nontransferable utility solu-

tion. Econometrica 53(6), 1295-1313.

8. Hart S. and Kurz M. (1983) Endogenous formation of coalitions. Economet-

rica 51(4), 1047-1064.

9. Hart S. and Kurz M. (1984) Stable coalition structures. Coalitions and

collective action. Ed. by M.J. Holler. Würzburg. Physica-Verlag, 235-258.

10. Hart S. and Mas-Colell A. (1996) Bargaining and value. Econometrica 64,

357-380.

30



11. Krasa S., Temimi A. and Yannelis N.C. (2003) Coalition structure values in

differential information economies: is unity a strength? Journal of Mathe-

matical Economics 39, 51-62.

12. Maschler M. and Owen G. (1989) The consistent Shapley value for hyper-

plane games. International Journal of Game Theory 18, 389-407.

13. Maschler M. and Owen G. (1992) The consistent Shapley value for games

without side payments. Rational Interaction. Ed. by R. Selten. New York.

Springer-Verlag, 5-12.

14. Moulin H. (1984) Implementing the Kalai-Smorodinsky bargaining solution.

Journal of Economic Theory 33, 32-45.

15. Nash J.F. (1950) The bargaining problem. Econometrica 18, 155-162.

16. Ono R. and Muto S. (2001) Coalition cabinets in Japan (1993-1997): A

game theory analysis. International Game Theory Review 2&3(3), 113-125.

17. Owen G. (1977) Values of games with a priori unions. Essays in Mathemat-

ical Economics and Game Theory. Ed. by R. Henn R. and O. Moeschlin.

Berlin. Springer-Verlag, 76-88.

18. Raiffa H. (1953) Arbitration schemes for generalized two-person games. Con-

tributions to the Theory of Games II. Ed. by H.W. Kuhn and A.W. Tucker.

Princeton, NJ. Princeton University Press.

19. Rubinstein A. (1982) Perfect equilibrium in a bargaining model. Economet-

rica 50(1), 97-109.

20. Shapley L.S. (1953) A value for n-person games. Contributions to the Theory

of Games II. Ed. by H.W. Kuhn and A.W. Tucker. Princeton NJ. Princeton

University Press, 307-317.

21. Shapley L.S. (1969) Utility comparison and the theory of games. In: La

Decision, Aggregation et Dynamique des Ordres de Preference, Editions du

Centre de la Recherche Scientifique. Paris: 251-263.

31



22. van Damme E. (1986) The Nash bargaining solution is optimal. Journal of

Economic Theory 38, 78-100.

23. Vázquez-Brage M., Van den Nouweland A. and Garćia-Jurado I. (1997)
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Figure 1: The thick line represents the projection of ∂V (N). The thin line

represents ∂V (S).

(2,-1)

Figure 2: The set V ({1, 2}).
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Figure 3: The set V ({1, 2}).
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Figure 4: a) Hart and Mas-Colell’s (1996) model; b) our model.
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