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In this paper we study the restriction, to the class of bargaining problems with coalition structure, of several
values which have been proposed on the class of non-transferable utility games with coalition structure.We prove
that all of them coincide with the solution independently studied in Chae and Heidhues [Chae, S., Heidhues, P.,
2004. A group bargaining solution. Mathematical Social Sciences 48, 37–53] and Vidal-Puga [Vidal-Puga, J.J.,
2005a.Abargaining approach to theOwen value and theNash solutionwith coalition structure. Economic Theory
25, 679–701]. Several axiomatic characterizations and two non-cooperative mechanisms are proposed.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In many economic and political situations, agents do not act individually but are partitioned
into unions, groups, or coalitions. Examples include political parties in a Parliament, wage
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bargaining between firms and labor unions, tariff bargaining between countries, bargaining
between the member states of a federated country, etc.

Assuming that cooperation is carried out, one may wonder how the benefit is shared between
the coalitions and between the members inside each coalition. Game Theory has addressed this
issue. Several solutions have been proposed for several kinds of games. Classically, there are
two possible justifications for a solution: one comes from the axiomatic approach and the
other one comes from the non-cooperative approach. In the axiomatic approach the objective is
to characterize the solution using nice properties. In the non-cooperative approach the
objective is to describe a natural non-cooperative game whose equilibria coincide with the
solution.

In this paper we focus on bargaining problems (Nash, 1950). Chae and Heidhues (2004) and
Vidal-Puga (2005a) describe two values in bargaining problems with coalition structure. Chae and
Heidhues (2004) follow an axiomatic approach whereas Vidal-Puga (2005a) follows a non-
cooperative approach. Both values generalize the Nash solution.We prove that both values coincide.
We call this value δ.

We study δ and we find three kinds of results. It is well-known that bargaining problems
can be expressed as games with non-transferable utility (NTU games). We prove that five
values presented in the literature for NTU games with coalition structure coincide with δ
when we restrict to bargaining problems. We also follow the axiomatic approach and we
present three new characterizations of δ. Finally, we follow the non-cooperative approach
and we present a natural non-cooperative mechanism. We prove that this mechanism has a
unique subgame perfect equilibrium payoff that approaches δ. Let us clarify these three
issues.

In games with transferable utility (TU games) and coalition structure, Owen (1977) proposes a
value, which is an extension of the Shapley value (Shapley, 1953). Casas-Méndez et al. (2003)
extend the τ-value (Tijs, 1981) to TU games with coalition structure. It is well-known that TU
games can be expressed as NTU games.

In NTU games with coalition structure there are several values. Winter (1991) introduces the
game coalition structure value which coincides with the Owen value in TU games with
coalition structure and with the Harsanyi value (Harsanyi, 1963) in NTU games. Bergantiños
and Vidal-Puga (2005) introduce two values: the consistent coalitional value and the random
order coalitional value. Both values coincide with the Owen value in TU games with coalition
structure and with the consistent value (Maschler and Owen, 1989, 1992) in NTU games.
Following the classical λ-transfer procedure we can extend values from TU games to NTU
games. In particular, in differential games Krasa, Tememi and Yannelis (2003) extend the Owen
value. Let λTC and τ−λTC be the NTU values obtained when we extend the Owen value and
the coalitional τ-value (Casas-Méndez et al., 2003), respectively. We prove that, in bargaining
problems with coalition structure, the five NTU coalitional values mentioned above coincide
with δ.

We present three new axiomatic characterizations for δ. The first one uses the properties of
Independence of Affine Transformations (IAT), Independence of Irrelevant Alternatives (IIA), and
Unanimity Coalitional Game. This result is inspired by the characterization of the game coalition
structure value (Winter, 1991). The second one uses IAT, IIA, Pareto Efficiency, Symmetry inside
Coalitions, and Coalitional Symmetry. This result is inspired by the characterization of the Owen
value (Owen, 1977). The third one uses IAT, IIA, Pareto Efficiency, Symmetry insideCoalitions, and
Symmetry between Exchangeable Coalitions. This result is also inspired by the characterization of
the Owen value (Owen, 1977).
Please cite this article as: Bergantiños, G. et al. A solution for bargaining problems with coalition structure.
Mathematical Social Sciences (2007), doi:10.1016/j.mathsocsci.2007.03.001

http://dx.doi.org/10.1016/j.mathsocsci.2007.03.001


74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92
93
94
95

96
97

98

99
100

101
102

103

104
105
106

107

108
109

112

113

114
115
116

3G. Bergantiños et al. / Mathematical Social Sciences xx (2007) xxx–xxx

ARTICLE IN PRESS
UN
CO

RR
EC

TE
D P

RO
OF

Hart and Mas-Colell (1996) propose a non-cooperative mechanism in NTU games. The set
of limit stationary subgame perfect equilibrium payoffs is contained in the consistent value.
This mechanism has several rounds and in each round a proposer is randomly chosen among
the active players. Vidal-Puga (2005a) adapts this mechanism when players are divided in
coalitions. Hart and Mas-Colell's mechanism is played in two levels, first between players
inside each coalition and second between coalitions. Vidal-Puga (2005a) proves that in
bargaining problems with coalition structure there exists a unique stationary subgame perfect
equilibrium payoff. In this paper we prove that δ is the unique limit stationary subgame perfect
equilibrium. We present another mechanism for bargaining problems with coalition structure.
The new mechanism is also a modification of the mechanism of Hart and Mas-Colell (1996).
We prove that, in the new mechanism, δ is also the unique limit stationary subgame perfect
equilibrium.

The paper is organized as follows. In Section 2, we introduce the notation and some previous
results. In Section 3, we present the axiomatic characterizations of δ. In Section 4, we prove that
the five NTU coalitional values coincide with δ in bargaining problems. In Section 5, we study
the non-cooperative approach. Finally, we present some concluding remarks.

2. Preliminaries

Let A be a finite set. We denote by |A| the number of elements in A. Let x; yaℝA. We say y≤x
when yi≤xi for each i∈A and ybx when yibxi for each i∈A. We denote by xy the vector (xiyi)i∈A

and by x+y the vector (xi+yi)i∈A. Given T⊊A, xT is the restriction of x toℝT . We denote byℝA
þ the

set fxaℝA : xiz0 for every iaAg and by ℝA
þþ the set fxaℝA : xiN0 for every i a Ag. Given

gaℝA
þþ;

1
g is the vector

1
gi

� �
iaA

. For every SpℝA and γ, baℝA, we define γS+β={γx+β : x∈S}.
Given haℝ and xaℝA, we define θx as the vector (θxi)i∈A.

We consider N={1,…, n} the set of players.
A coalition structure C over N is a partition of the player set, i.e., C ¼ fC1; N ;Cpgq2N where

[CqaCCq ¼ N and Cq∩Cr=/ whenever q≠ r.
Each CqaC is called a coalition. We denote by caℝN the vector whose ith coordinate is given

by ci= |Cq| if i∈Cq.
A transferable utility (TU) game is a pair (N, v) where v is a characteristic function that

assigns to each subset T⊆N a number vðTÞaℝ, with v(ϕ)=0, which represents the total utility
players in T can get by themselves when cooperate. A TU game with coalition structure is a triple
ðN ; v; CÞ where (N, v) is a TU game and C is a coalition structure over N.

The Owen value (Owen, 1977) is a function Ow which assigns to each TU game with coalition
structure ðN ; v; CÞ a vector OwðN ; v; CÞaℝN. The Owen value generalizes the Shapley value (Sh)
(Shapley, 1953), i.e. when C ¼ fNg or C ¼ ff1g; N ; fngg;OwðN ; v; CÞ ¼ ShðN ; vÞ.

Given (N, v) a TU game the Shapley value (Shapley, 1953) is given by

ShiðN ; vÞ ¼
X

SpNqi

jSj!ðn� jSj � 1Þ!
n!

½vðS [ iÞ � vðSÞ� for all iaN :

To state the definition of the Owen value we introduce additional notation. LetΠ(N) be the set of
all orders onN. We say that π∈Π(N) is admissiblewith respect to the coalition structure C if for any
i; j; kaN ; i; kaCqaC, and π(i)bπ( j)bπ(k) imply that j∈Cq, where π(i), π( j), π(k) denote the
position of i, j, and k in the order π, respectively. We denote byPC the set of all admissible orders on
N with respect to C.
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Given ðN ; v; CÞ a TU game with coalition structure the Owen value (Owen, 1977) is defined
as:

OwiðN ; v; CÞ ¼ 1

jPCj
X
paPC

½vðPp
i [ iÞ � vðPp

i Þ� for all i a N

where Pi
π={ j∈N: π( j)bπ(i)} is the set of predecessors of player i in π.

A bargaining problem over N is a pair (S, d) where daSqℝN , there exists x∈S such that
xNd, and

A1. S is closed, convex, comprehensive (if x∈S and y≤x then y∈S), and bounded above (i.e.
for all x∈S the set {y∈S: y≥x} is compact).

A2. The boundary of S, ∂S, is smooth (on each point of the boundary there exists a unique
outward vector) and non-level (the outward vector on each point of the boundary has all its
coordinates positive).

We denote by Λ the bargaining problem (Δ, 0) with

D ¼ x a ℝN :
Xn
i¼1

xiV1

( )
:

We call Λ=(Δ, 0) the unanimity bargaining problem.
The Nash solution of a bargaining problem (Nash, 1950) is the unique point N(S, d)∈∂S

satisfying

j
iaN

ðNiðS; dÞ � diÞ ¼ max
xaS;xzd

j
iaN

ðxi � diÞ: ð1Þ

A bargaining problem with coalition structure is a triple ðS; d; CÞ where (S, d) is a bargaining
problem and C is a coalition structure. By BðNÞ we represent the class of all bargaining problems
with coalition structure where N is the set of agents.

A solution of a bargaining problem with coalition structure is a map which assigns to every
ðS; d; CÞaBðNÞ an element of S.

In this context, Chae and Heidhues (2004) characterize the solution defined by the unique
point dðS; d; CÞaAS satisfying

j
iaN

ðdiðS; d; CÞ � diÞ
1
ci ¼ max

xaS;xzd
j
iaN

ðxi � diÞ
1
ci : ð2Þ

This solution is the weighted Nash solution (Kalai, 1977), Nw, where for any i ∈ N, wi ¼
1
pciwith p ¼ jCj and ci= |Cq| if i∈Cq.

A non-transferable utility (NTU) game is a pair (N, V) where V is a correspondence which
assigns to each coalition T⊆N a subset V ðTÞqℝT . This set represents all the possible payoffs
that members of T can obtain for themselves when play cooperatively. For each T⊊N, we assume
that V(T) satisfies A1 and that V(N) satisfies A1 and A2. A payoff configuration {xT}T⊆N is a
family of vectors such that xTaℝT for every T⊆N.
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NTU games generalize both TU games and bargaining problems. Any TU game (N, v) can be
expressed as an NTU game (N, V) with

V ðTÞ ¼ x a ℝT :
X
iaT

xiVvðTÞ
( )

for all T p N :

We say that (N, V ) is a hyperplane game if for all T⊆N there exists kTaℝT
þþ satisfying

V ðTÞ ¼ x a ℝT :
X
iaT

kTi xiVvðTÞ
( )

ð3Þ

for some v : 2NYℝ. Notice that each TU game is a hyperplane game (just take λi
T=1 for each

T⊆N and i∈T).
Any bargaining problem (S, d) can be expressed as an NTU game (N, V ) with

V ðTÞ ¼ x a ℝT : xVdT
� �

for all T q N ð4Þ

and V(N)=S.
An NTU game with coalition structure is a triple ðN ;V ; CÞwhere (N, V) is an NTU game and C

is a coalition structure over N. ByNT UðNÞ we denote the class of all NTU games with coalition
structure where N is the set of agents.

A value Γ is a correspondence which assigns to each NTU game with coalition structure
ðN ;V ; CÞ a subset CðN ;V ; CÞpV ðNÞ.

Notice that a solution on BðNÞ can be considered as a value which assigns to each ðS; d; CÞ a
singleton.

We say a value Γ generalizes the Owen value if CðN ; v; CÞ ¼ fOwðN ; v; CÞg for each TU
game with coalition structure ðN ; v; CÞ.

We say that a value Γ generalizes the Nash solution if CðS; d; CÞ ¼ fNðS; dÞg for every
bargaining problem with coalition structure ðS; d; CÞ when C ¼ fNg or C ¼ ff1g; N ; fngg.

We say that a valueΓ generalizes the solution δ ifCðS; d; CÞ ¼ fdðS; d; CÞg for every bargaining
problem with coalition structure ðS; d; CÞ.

Next we recall the definitions of the values we consider in this paper: the Game with Coalition
Structure (GCS) value (Winter, 1991), the Consistent Coalitional (CC) value (Bergantiños and
Vidal-Puga, 2005), the Random-Order Coalitional (ROC) value (Bergantiños and Vidal-Puga,
2005), the λ-Transfer Coalitional (λTC) value, and the τ−λ Transfer Coalitional (τ−λTC) value.
Even though these values are defined in the context of NTU games with coalitional structure, we
present the formal definitions in the context of bargaining problems with coalition structure. Let
ðS; d; CÞaBðNÞ.

The GCS value, ΦGCS, was introduced by Winter (1991) as a generalization of the Owen value
for TU games with coalition structure and the Harsanyi value (Harsanyi, 1963) for NTU games.
We say that xaℝN is an element of the GCS value for ðS; d; CÞ if there exists a vector kaℝN

þþ
such that λ supports S at x and moreover xi ¼

P
TpN :iaT y

T
i where (yT)T⊆N is defined inductively

as follows:

y/ ¼ 0;
Please cite this article as: Bergantiños, G. et al. A solution for bargaining problems with coalition structure.
Mathematical Social Sciences (2007), doi:10.1016/j.mathsocsci.2007.03.001

http://dx.doi.org/10.1016/j.mathsocsci.2007.03.001


190

193

194

197

199
200
201

202

204
205

206

207

208

209
210

212

6 G. Bergantiños et al. / Mathematical Social Sciences xx (2007) xxx–xxx

ARTICLE IN PRESS
UN
CO

RR
EC

TE
D P

RO
OF

and for every /=T⊆N, given yT′ defined for all T′⊊T, then

zTi ¼
X

T VqT :iaT V
yT V
i for every i a N ; and

yT ¼

1
kT

1
cT

max t a ℝ : zT þ 1
kT

1
cT

tVdT

� �
if TqN

1
kT

1
cT

max t a ℝ : zT þ 1
kT

1
cT

t a S

� �
if T ¼ N :

8>><
>>:

Then, y{i} =di for each i∈N. For every T⊊N with |T |≥2, zi
T=di for every i∈T and yi

T=0 for
every i∈T. For T=N, we have

zN ¼ d; and yN ¼ 1
k
1
c
max t a ℝ : d þ 1

k
1
c
t a S

� �
:

Hence,

x ¼ yN ¼ d þ 1

k
1

c
max t a ℝ : d þ 1

k
1

c
t a S

� �
; ð5Þ

and we get that x belongs to UGCSðS; d; CÞ. We will denote the set of points which satisfies Eq. (5)
as UGCSðS; d; CÞ.

In case that the bargaining problem with coalition structure is given by ðHk; d; CÞ where
kaℝN

þþ and

Hk ¼ x a ℝN :
X
iaN

kixiV1

( )
; ð6Þ

UGCSðHk; d; CÞ is the unique vector which satisfies Eq. (5).
The CC value, ΦCC, and the ROC value, ΦROC, were introduced by Bergantiños and Vidal-Puga

(2005) as a generalization of theOwen value for TUgameswith coalition structure and the consistent
value (Maschler and Owen, 1989, 1992) for NTU games. Following Vidal-Puga (2005a) we first
present an expression for any element of the CC value corresponding to any ðS; d; CÞ. Let
fkTaRN

þþ : TpNg be a family of vectors and let x∈∂S be such that λN supports S at x. We
recursively build a payoff configuration {xT}T⊆N as

xfigi ¼ di; forevery i a N ;

given xT′ for any T′⊊T⊊N, and i∈T∩Cq=Cq′,

xTi ¼ 1

jCT j jCqVj kTi

X
CrVaCTqCqV

X
jaCqV

kTj x
TqCrV
j �

X
jaCrV

kTj x
TqCqV
j

0
@

1
A

0
@

1
A

þ 1

jCqVjkTi

X
jaCqVqfig

kTi x
Tqf jg
i �

X
jaCqVqfig

kTj x
Tqfig
j

0
@

1
Aþ 1

jCT jjCqVjkTi

X
jaT

kTj dj
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where CT ¼ fCr \ T : CraCg, and for T=N and i∈N,

xNi ¼ 1

pcik
N
i

X
CraCqCq

X
jaCq

kNj x
NqCr
j �

X
jaCr

kNj x
NqCq

j

0
@

1
A

0
@

1
A

þ 1

cik
N
i

X
jaCqqfig

kNi x
Nqfjg
i �

X
jaCqqfig

kNj x
Nqfig
j

0
@

1
Aþ 1

pcik
N
i

X
jaT

kNj xj:

By doing some algebra, we obtain that xT=dT for every T⊊N. If xN=x we say that x is a CC
value for ðS; d; CÞ and it holds that

x ¼ d þ 1

kN
1
p
1
c

X
jaN

kNj xj �
X
jaN

kNj dj

 !
: ð7Þ

We will denote the set of points which satisfies Eq. (7) as UCCðS; d; CÞ.
In case that the bargaining problem with coalition structure is given by ðHk; d; CÞ where

kaRN
þþ and Hλ is defined as in Eq. (6), U

CCðHk; d; CÞ is the unique vector which satisfies Eq. (7).
Next we present the definition of the ROC value (Bergantiños and Vidal-Puga, 2005). Let

fkTaℝT
þþ : TpNg be a family of vectors and let x∈∂S be such that λN supports S at x. Let us

consider paPC. For each T⊆N and i∈T, the marginal contribution of player i in the order π is

eTi ðpÞ ¼ max yi a ℝ :
X

jaPp
i \T

kTj e
T
j ðpÞ þ kTi yiV

X
jaðPp

i \TÞ[fig
kTj dj

8<
:

9=
;

whenever T⊊N or T=N and π(i)bn, and

eTi ðpÞ ¼ max yiaℝ :
X

jaPp
i \T

kTj e
T
j ðpÞ þ kTi yiV

X
jaðPp

i \TÞ[fig
kTj xj

8<
:

9=
;

when T=N and π(i)=n.
We obtain a payoff configuration (xT)T⊆N as

xT ¼ 1

jPCT j
X

paPCT

eT ðpÞ; forevery TpN :

In case that xN=x, we say that x is a ROC value for ðS; d; CÞ. We denote by UROCðS; d; CÞ the
ROC value of ðS; d; CÞ.

Let us take i∈N. Notice that ei
N(π)=di for all paPC unless π(i)=n. Whenever π(i)=n,

eNi ðpÞ ¼
1

kNi

X
jaN

kNj xj �
X

jaNqfig
kNj dj

0
@

1
A:
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Counting all possible orders and doing some algebra,

xi ¼
ðpci � 1Þdi

pci
þ 1

kNi pci

X
jaN

kNj xj �
X

jaNqfig
kNj dj

0
@

1
A ¼

pcik
N
i di þ

X
jaN

kNj xj �
X
jaN

kNj dj

kNi pci

¼ di þ

X
jaN

kNj xj �
X
jaN

kNj dj

kNi pci
:

This expression coincides with Eq. (7). Then, we prove that UCCðS; d; CÞ ¼ UROCðS; d; CÞ.
Given a value for TU games, Shapley (1969) proves, via a fixed-point argument, that one can

always find a vector λ of weights, one for each player, such that when each player's utility is
multiplied by his weight, the resulting game will have the property that the value for the
associated TU game (as presented in Eq. (8) below) is feasible in the NTU game.

Since the Shapley reasoning may be applied to any value, we apply the λ-transfer procedure to
the Owen value and the coalitional τ value (Casas-Méndez et al., 2003).

The λTC value generalizes the Owen value for TU games with coalition structure and the
Shapley NTU value (Shapley, 1969) for NTU games.

Given a bargaining problem with coalition structure ðS; d; CÞ, we say that xaℝN is a λ-
Transfer Coalitional (λTC) value if x∈∂S, there exists kaℝN

þþ such that λ supports S at x, and

kx ¼ OwðN ; vk; CÞ

where

vkðTÞ ¼
P

iaT kidi if TqN

max
P

jaN kjxj : xaS
n o

if T ¼ N
:

(
ð8Þ

We denote by UkTCðS; d; CÞ the set of λTC values for ðS; d; CÞ.
The τ−λTC value generalizes the coalitional τ value for TU games with coalition structure

(Casas-Méndez et al., 2003) and the τ value for NTU games (Borm et al., 1992).
Given ðS; d; CÞaBðNÞ, we say that xaℝN is a τ−λTC value if x∈∂S, there exists kaℝN

þþ
such that λ supports S at x, and

kx ¼ sðN ; vk; CÞ

where vλ is the TU game defined in Eq. (8). If ðS; d; CÞ is a bargaining problem with coalition
structure, we denote by UskTCðS; d; CÞ the set of τ−λTC values for ðS; d; CÞ.

Table 1 makes a matching of solutions to problems we consider:

3. Characterizations of the solution δ

In this section we present three axiomatic characterizations of the solution δ.
We first define the following concepts, which will be used later. Let ðS; d; CÞaBðNÞ.
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Table 1t1:1
Matching solutions to problemst1:2

t1:3 Without coalition structure With coalition structure

t1:4 Bargaining problems Nash solution δ
t1:5 Weighted Nash solution
t1:6 TU games Shapley value Owen value
t1:7 τ value Coalitional τ value
t1:8 NTU games Harsanyi value GCS value
t1:9 Consistent value CC value
t1:10 λ-transfer value ROC value
t1:11 λTC value
t1:12 τ-λTC value
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element y with yi=xj, yj=xi, and yk=xk, for any k∈N \ {i, j}, belongs to S.
2. Given CraC, we say that Cr is a homogeneous coalition if any pair of agents i, j∈Cr are

symmetric agents.
3. We say that (S, d) is a symmetric bargaining problem if any pair of agents i, j∈N are

symmetric.
4. Two different homogeneous coalitions Cr;CsaC are exchangeable if and only if

(a) di=dj for any i∈Cr and j∈Cs, and
(b) for any x∈S with xi= zr for every i∈Cr and xi= zs for every i∈Cs, we have that y, where

yi= zs for every i∈Cr, yj= zr for every j∈Cs, and yk=xk for every k∈N \ (Cr[Cs),
belongs to S.

5. If a coalition Cj is homogeneous and j⁎∈Cj, Chae and Heidhues (2004) define the reduced
bargaining problem ðSj; dj; CjÞaBðNjÞ as follows.

Nj ¼ ðNqCjÞ [ f j*g
Sj ¼ fxaℝNj

: ayaS such that yi ¼ xi8iaNqCj and yi ¼ xj⁎8iaCjg
Cj ¼ fC1;: : :;Cj�1; f j*g;Cjþ1;: : :;Cpg; and
dji ¼ di for all iaNj:

We formulate some reasonable properties of a solution defined on BðNÞ. Let φ be an arbitrary
solution defined on BðNÞ and let ðS; d; CÞaBðNÞ.

• Independence of irrelevant alternatives (IIA). Let us take ðS V; d; CÞaBðNÞ such that S′⊆S and
uðS; d; CÞaSV, then uðSV; d; CÞ ¼ uðS; d; CÞ.

• Invariance with respect to affine transformations (IAT). Given gaℝN
þþ, and baℝN , it holds

that uðS̄;d̄; CÞ ¼ guðS; d; CÞ þ b, where S̄=γS+β and d̄ =γd+β.
• Pareto efficiency (PE). There is no xaSqfuðS; d; CÞg such that xizuiðS; d; CÞ for every i∈N.
• Unanimity coalitional game (UCG). Given the unanimity bargaining problem (Δ, 0), for each
coalition structure C, we have

uiðD; 0; CÞ ¼
1

pci

for every i∈N where ci= |Cq| if i∈Cq and C ¼ fC1;: : :;Cpg.
Please cite this article as: Bergantiños, G. et al. A solution for bargaining problems with coalition structure.
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• Symmetry inside coalitions (SIC). Given CqaC, let i, j∈Cq be two symmetric agents, then
uiðS; d; CÞ ¼ ujðS; d; CÞ.

• Symmetry between exchangeable coalitions (SEC). Given any pair of exchangeable coalitions
Cr, Cs, then uiðS; d; CÞ ¼ ujðS; d; CÞ for any i∈Cr and j∈Cs.

• Coalitional symmetry (CS). Given the unanimity bargaining problem (Δ, 0), for each coalition
C, we haveX

iaCr

uiðD; 0; CÞ ¼
X
iaCs

uiðD; 0; CÞ

for every Cr;CsaC.
• Symmetry (SYM) (Chae and Heidhues, 2004). If C ¼ ff1g;: : :; fngg and (S, d) is symmetric,
then for any two players i, j, one has uiðS; d; CÞ ¼ ujðS; d; CÞ.

• Representation of a homogeneous group (RHG) (Chae and Heidhues, 2004). If a coalition Cj

is homogeneous and j⁎∈Cj, then uj*ðS; d; CÞ ¼ uj*ðSj; dj; C
jÞ.

Independence of irrelevant alternatives, invariance with respect to affine transformations, and
Pareto efficiency are well-known properties.

Aumann (1985) defined the property of unanimity to characterize the Shapley-NTU value. This
property says that the unanimity game1 of a coalition has a unique value given by the equal split of
the available amount. Hart (1985) also used this property to characterize the Harsanyi value in the
context of NTU games. De Clippel et al. (2004) also use this property in the characterization of the
egalitarian Kalai-Samet solution (Kalai and Samet, 1985). Winter (1991) used the property of
unanimity games in his characterization of the GCS value. The unanimity coalitional game
property has the same flavour in the context of bargaining problems with coalition structure.

The property of symmetry inside coalitions establishes that two symmetric agents of the same
coalition obtain the same value. According to the property of symmetry between exchangeable
coalitions, all members of two exchangeable coalitions receive the same amount. The property of
coalitional symmetry has the same flavour that symmetry inside coalitions but applied to
coalitions.

The properties of symmetry and representation of homogeneous group are not used in our
characterizations of δ but they appear in the characterization of δ given by Chae and Heidhues
(2004). Our symmetry properties (SIC, SEC, and CS) differ from the property of symmetry
proposed by Chae and Heidhues (2004). The property of representation of a homogeneous group
says that a member of a homogeneous coalition receives what he would receive if he became a
representative member bargaining on behalf of the coalition, that is, a homogeneous coalition can
be replaced by a member to whom bargaining is delegated. RHG relates the payoff of a player in
two different problems whereas the property of symmetry between exchangeable coalitions
(SEC) compares the payoff of several players in the same problem.

Remark 1. We want to point out that there is a conceptual difference between the properties
defined above. IIA, IAT, PE, SIC, SEC, SYM, and RHG hold for the set of all bargaining
problems. UCG and CS only hold for unanimity bargaining problems.

Next we provide our characterizations of the solution δ using these properties.
1 Given T⊆N, the unanimity game of the coalition T is the TU game defined as uT(R)=1 if T⊆R⊆N and uT(R)=0,
otherwise.
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Theorem 2. 1. The solution δ is the unique solution defined on BðNÞ which satisfies IIA, IAT,
and UCG.

2. The solution δ is the unique solution defined on BðNÞ which satisfies PE, IIA, IAT, SIC, and
CS.

3. The solution δ is the unique solution defined onBðNÞwhich satisfies PE, IIA, IAT, SIC, and SEC.

Before the formal proof of this result it is worthily to describe the uniqueness part. Since we use
IAT and IIA, by the same reasoning as in Nash (1950) it is enough to prove the uniqueness in
unanimity bargaining problems. In characterization 1, UCG proposes a sharing in unanimity
bargaining problems. For proving the uniqueness part of characterizations 2 and 3 we use two
lemmas. The first lemma says that PE, SIC, and CS imply UCG. The second lemma says that PE,
IAT, SIC, and SEC imply UCG. Thus, the uniqueness part of characterizations 2 and 3 follows
from characterization 1.

We next present two lemmas and later the proof of the theorem.

Lemma 3. Any solution φ defined on BðNÞ which satisfies PE, SIC, and CS also satisfies UCG.

Proof. Let φ be a solution defined on BðNÞ which satisfies PE, SIC, and CS. Let us consider
ðK; CÞaBðNÞ. For every CraC, we have that any two agents i, j∈Cr are symmetric. By SIC,
uiðK; CÞ ¼ ujðK; CÞ for every i, j∈Cr and CraC. Moreover, since the solution φ satisfies CS,
for every Cr;CsaC, it holds

ciuiðK; CÞ ¼
X
kaCr

ukðK; CÞ ¼
X
kaCs

ukðK; CÞ ¼ cjujðK; CÞ

with i∈Cr and j∈Cs.
Finally, taking into account that the solution φ satisfies PE, we get, for any i∈N,

1 ¼
X
jaN

ujðK; CÞ ¼ pciuiðK; CÞ:

Then, for every i∈N,

uiðK; CÞ ¼
1
pci

: □

Lemma 4. Any solution φ defined on BðNÞ which satisfies PE, IAT, SIC, and SEC also satisfies

364

365

366
367
368

371

372

374
UN
CO

RUCG.

Proof. Let us consider the bargaining problem with coalition structure ðHk; 0; CÞ where k ¼ 1
p
1
c

and Hλ is defined by Eq. (6). If jCj ¼ 1, the bargaining problem (Hλ, 0) is symmetric. Otherwise,
any pair of coalitions Cr;CsaC are exchangeable. Since the solution φ satisfies PE, SIC, and
SEC, it holds

uiðHk; 0; CÞ ¼ ujðHk; 0; CÞ ¼ 1 for every iaCr; jaCs and Cr;CsaC:

Moreover, applying the affine transformation defined by kaℝN
þþ and β=0 to ðHk; 0; CÞ, we obtain

the bargaining problem with coalition structure ðK; CÞ. Since the solution φ satisfies IAT, we have

uiðK; CÞ ¼
1
pci

for every iaN : □
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Proof of Theorem 2. First we will see that the solution δ satisfies these properties.
The solution δ satisfies IIA, IAT, and PE (Chae and Heidhues, 2004). Since δ is a weighted

Nash solution, it assigns the vector of weights to the unanimity bargaining problem (Kalai, 1977).
Thus, given the structure of the weights, δ satisfies UCG. Furthermore, the total amount that a
coalition receives in ðD; 0; CÞ is the same and we prove that δ also satisfies CS.

Next, we see that it also satisfies SIC. Let us assume that this does not happen. Since δ satisfies
IAT, we take a bargaining problem with a coalition structure ðS; 0; CÞaBðNÞ. Let CqaC and i,
j∈Cq such that i and j are symmetric. Let us assume that diðS; 0; CÞpdjðS; 0; CÞ. We define the
point x̄aℝN as

x̄i ¼
1
2
ðdiðS; 0; CÞ þ djðS; 0; CÞÞ ¼ x̄j and x̄k ¼ dkðS; 0; CÞ for every kaN q fi; jg: ð9Þ

This point x̄ belongs to S because i and j are symmetric and S is a convex set. Furthermore,

x̄ix̄j � diðS; 0; CÞdjðS; 0; CÞ ¼
1
4
ðdiðS; 0; CÞ � djðS; 0; CÞÞ2N0: ð10Þ

Moreover, since i, j∈Cq, Eqs. (9) and (10), it holds

j
kaN

x̄
1
ck
k N j

kaN
dkðS; 0; CÞ

1
ck :

This is a contradiction with respect to the definition of δ. Then, the solution δ satisfies SIC.
Let us check that it also satisfies SEC. Let ðS; 0; CÞaBðNÞ. If jCjN1, let us take Cr, Cs two

exchangeable coalitions. Since δ satisfies SIC we have

diðS; 0; CÞ ¼ djðS; 0; CÞ for every i; jaCr and
diðS; 0; CÞ ¼ djðS; 0; CÞ for every i; jaCs:

Let us define the vector zaℝN as

zi ¼ diðS; 0; CÞ if igCr [ Cs

zi ¼ djðS; 0; CÞ if iaCr with jaCs

zi ¼ djðS; 0; CÞ if iaCs with jaCr:

Since Cr and Cs are exchangeable, z∈S. Then, given i∈Cr and j∈Cs,

j
kaCr

z
1
ck
k j

kaCs

z
1
ck
k ¼ djðS; 0; CÞdiðS; 0; CÞ ¼ j

kaCr

diðS; 0; CÞ
1
ck j

kaCs

djðS; 0; CÞ
1
ck

and

j
kaN

z
1
ck
k ¼ j

kaN
dkðS; 0; CÞ

1
ck ¼ max

xaS;xz0
j
kaN

x
1
ck
k :

Thus, z and dðS; 0; CÞ are solutions of the maximization problem (2). Since this solution is
unique, we have z ¼ dðS; 0; CÞ. In particular, diðS; 0; CÞ ¼ djðS; 0; CÞ for every i∈Cr and j∈Cs.

Next we prove the uniqueness of the solution in each case.
1. Let us consider a solutionφ defined on the class BðNÞ which satisfies IIA, IAT, and UCG. Let

ðS; d; CÞaBðNÞ. Because δ satisfies IAT, we assume d ¼ 0aℝN and dðS; d; CÞ ¼ ð1; N ; 1Þ ¼ e.
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There exists a hyperplane which separates S and the set

xaℝN : j
iaN

x
1
ci
i N1

� �
:

Let us assume that kaℝN
þþ defines such hyperplane. Since S is a convex set and e is the

solution of the maximization problem (2),
P

iaN kixiV1 for every x∈S. Thus, we consider the
bargaining problem with coalition structure given by ðHk; 0; CÞ where Hλ is defined as in Eq. (6).

The set Hλ is obtained from Δ by the affine transformation defined as g ¼ 1
k
and β=0. Since δ

and φ satisfy IAT and UCG, it holds

uðHk; 0; CÞ ¼ dðHk; 0; CÞ ¼
1
p
1
k
1
c
: ð11Þ

By the definition of the solution δ and because S⊆Hλ,

1 ¼ max
xaS;xz0

j
iaN

x
1
ci
i V max

xaHk;xz0
j
iaN

x
1
ci
i V1:

Then,

dðHk; 0; CÞ ¼ dðS; 0; CÞ ¼ eaS: ð12Þ

From Eqs. (11) and (12),

uðHk; 0; CÞ ¼ eaS:

Since SpHk;uðHk; 0; CÞaS, and φ satisfies IIA, we have uðS; 0; CÞ ¼ uðHk; 0; CÞ. Then,
uðS; 0; CÞ ¼ e ¼ dðS; 0; CÞ.

2. By Lemma 3, any solutionφwhich satisfies PE, IIA, IAT, SIC, and CS also satisfies IIA, IAT,
and UCG. In these conditions, as we have previously proved, the solution φ coincides with δ.

3. Let us take any solution φ which satisfies all these properties. By Lemma 4, any solution φ
which satisfies PE, IIA, IAT, SIC, and SEC also satisfies IIA, IAT, and UCG. Using Item 1 of this
Theorem, we get that φ coincides with δ. □

We analyze the independence of the properties in Theorem 2.

1. The properties IIA, IAT, and UCG are independent.
(a) The Nash solution satisfies IIA and IAT, but not UCG.
(b) The weighted Kalai–Smorodinsky solution (Gutiérrez-Lopez, 1993) with weights given

by wi ¼ 1
pci

for each i∈N, is defined as

giðS; d; CÞ ¼ di þ ̂t
ui
pci

ð13Þ

where for each i∈N,

ui ¼ maxftaR : ðd1; N ; di�1; t; diþ1; N ; dnÞaSg; and

̂t ¼ max taRþþ : d1 þ t
u1
pc1

; N ; dn þ t
un
pcn

� 	
aS

� �

satisfies IAT and UCG, but not IIA.
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(c) The solution ν0 which assigns to any i∈N the number

m0i ðS; d; CÞ ¼ di þ
̂t

pci
ð14Þ

where

̂t ¼ max taℝþþ : d1 þ
t

pc1
; N ; dn þ

t
pcn

� 	
aS

� �

satisfies IIA and UCG, but not IAT.
2. The properties PE, IIA, IAT, SIC, and CS are independent.

(a) The solution ν1 which assigns to each bargaining problem with coalition structure ðS; d; CÞ
the vector d satisfies IIA, IAT, SIC, and CS, but not PE.

(b) The weighted Kalai–Smorodinsky solution defined in Eq. (13) satisfies PE, IAT, SIC, and
CS, but not IIA.

(c) The solution defined in Eq. (14) satisfies PE, IIA, SIC, and CS, but not IAT.
(d) Let Nw be the weighted Nash solution where w is a vector of weights such that wi≠wj for

any i, j∈Cq and
P

iaCq
wi ¼ 1

p, for each coalition CqaC. This solution satisfies PE, IIA,
IAT, and CS, but not SIC.

(e) The Nash solution satisfies PE, IIA, IAT, and SIC, but not CS.
3. The properties PE, IIA, IAT, SIC, and SEC are independent.

(a) The solution ν1 defined above satisfies IIA, IAT, SIC, and SEC, but not PE.
(b) The solution ν2 defined as

m2ðS; d; CÞ ¼ dðS; d; CÞ if jCjN1
gðS; d; CÞ if jCj ¼ 1

�

satisfies PE, IAT, SIC, and SEC, but not IIA.
(c) The solution ν3 defined as

m3i ðS; d; CÞ ¼ di þ ̂t; forevery iaN

where t̂ is given by

̂t ¼ maxftaℝþþ : ðd1 þ t; N ; dn þ tÞaSg

satisfies PE, IIA, SIC, and SEC, but not IAT.
(d) Let w be a vector of weights such that there exist i, j∈N with wi≠wj. The solution ν4

defined as

m4ðS; d; CÞ ¼ dðS; d; CÞ if jCjN1
NwðS; d; CÞ if jCj ¼ 1

�

satisfies PE, IAT, IIA, and SEC, but not SIC.
(e) The Nash solution satisfies PE, IIA, IAT, and SIC, but not SEC.

Chae and Heidhues (2004) characterize δ as the unique solution satisfying PE, IIA, IAT, SYM,
and RHG. We would like to mention that there is no relationship between our characterizations of
δ and the characterization of δ given in Chae and Heidhues (2004).
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It is clear that there is no relationship between our characterizations 1 and 2 and the one of
Chae and Heidhues (2004).

There is no relationship between SEC and RHG as we illustrate next. For instance, the
following solution ν5 defined as

m5ðS; d; CÞ ¼ dðS; d; CÞ if jN jN2
m3ðS; d; CÞ if jN jV2

�

satisfies SEC but not RHG.
We consider the solution ν6 defined as

m6i ðS; d; CÞ ¼
di þ t* if iaC1

di if igC1

�

where C ¼ fC1; N ;Cpg and t* ¼ maxftaℝþþ : ððdi þ tÞiaC1
; ðdiÞiaNqC1

ÞaSg: ν6 satisfies
RHG but not SEC.

Thus, there is no relationship between our characterization 3 and the one of Chae and Heidhues
(2004).

4. About δ and some NTU-values

In this section we show that the following values, the Game with Coalition Structure (GCS)
value, the Consistent Coalitional (CC) value, the Random-Order Coalitional (ROC) value, the λ-
Transfer Coalitional (λTC) value, and the τ−λ Transfer Coalitional (τ−λTC) value, generalize
the solution δ.

Theorem 5. The values ΦGCS, ΦCC, ΦROC, ΦλTC, and ΦτλTC generalize the solution δ.

Proof. Let ðS; d; CÞaBðNÞ.

Claim 1. fdðS; d; CÞg ¼ UGCSðS; d; CÞ.

From the characterization of each point belonging toUGCSðS; d; CÞ proposed in Eq. (5), it holds
that ΦGCS satisfies IAT. Since δ also satisfies IAT, we assume d=0 and dðS; 0; CÞ ¼ ð1; N ; 1Þ ¼ e.

Let us assume that the supporting hyperplane of S at e is defined by kaℝN
þþ. As a consequence

of Eqs. (11) and (12), and doing some algebra,

e ¼ 1
k
1
c
max taℝ :

1
k
1
c
taS

� �
:

By Eq. (5), dðS; 0; CÞ ¼ eaUGCSðS; 0; CÞ.
Let us take xaUGCSðS; 0; CÞ. Let kaℝN

þþ be the vector which defines the supporting
hyperplane of S at x. Let us consider ðHk; 0; CÞaBðNÞ with Hλ defined as in Eq. (6). Then,
dðHk; 0; CÞaUGCSðHk; 0; CÞ. Moreover, xaUGCSðHk; 0; CÞ because xaUGCSðS; 0; CÞ \ Hk. Since
UGCSðHk; 0; CÞ is a singleton, dðHk; 0; CÞ ¼ x. Since SpHk; dðHk; 0; CÞaS, and δ satisfies IIA,
we have

x ¼ dðHk; 0; CÞ ¼ dðS; 0; CÞ ¼ e;

and the claim is proved.
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Claim 2. fdðS; d; CÞg ¼ UCCðS; d; CÞ.

It follows from similar reasoning as we did in Claim 1. Notice that ΦCC satisfies IAT, and
assuming that d=0 and dðS; 0; CÞ ¼ e, we obtain that dðS; 0; CÞ satisfies Eq. (7).

Claim 3. fdðS; d; CÞg ¼ UROCðS; d; CÞ.

We have previously seen that UROCðS; d; CÞ ¼ UCCðS; d; CÞ.

Claim 4. fdðS; d; CÞg ¼ UkTCðS; d; CÞ.

For every kaℝN
þþ such that the game vλ defined as in Eq. (8) is well-defined, the Owen value

for vλ is given by

OwiðN ; vk; CÞ ¼ kidi þ
vkðNÞ �

X
jaN

kjdj

pci
for every iaN :

By Claim 2 and Eq. (7)

diðS; d; CÞ ¼ di þ
1
ki

X
jaN

kjðxj � djÞ

pci
for every iaN ;

and thus UkTCðS; d; CÞ ¼ UCCðS; d; CÞ ¼ fdðS; d; CÞg.

Claim 5. fdðS; d; CÞg ¼ UskTCðS; d; CÞ.

It follows from a similar reasoning that Claim 4, because, for every kaℝN
þþ such that the game

vλ is well-defined,

siðN ; vk; CÞ ¼ kidi þ
vkðNÞ �

X
jaN

kjdj

pci
for every iaN : □
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R5. A non-cooperative perspective

In the context of NTU games, Hart and Mas-Colell (1996) design a simple non-cooperative
mechanism of negotiation between n players. Applied to bargaining problems, this mechanism is
as follows: In each round, a player is randomly chosen to propose a payoff. If all the other players
agree, the mechanism finishes with this payoff. If at least a player disagrees, the mechanism is
repeated with probability ρ∈ [0, 1). With probability 1−ρ, the proposer leaves the mechanism
and thus each player gets his disagreement payoff.

In Theorem 3 in Hart and Mas-Colell (1996), it is shown that the above mechanism (when
applied to bargaining problems) yields the Nash bargaining solution as ρ approaches 1.

Vidal-Puga (2005a) adapts this mechanism when players are divided in coalitions. Hart and
Mas-Colell's mechanism is played in two levels, first between players inside each coalition and
second between coalitions. In the first level, players inside the same coalition decide (following
Hart and Mas-Colell's mechanism) which proposal to use in the second level.
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Mathematical Social Sciences (2007), doi:10.1016/j.mathsocsci.2007.03.001

http://dx.doi.org/10.1016/j.mathsocsci.2007.03.001


549

550

551
552
553
554
555
556
557
558
559
560
561
562

563

564

565

566

567

568

569
570
571
572
573
574
575

576

577

578

579

580

581

582

583

584

585

586
587
588
589

590

591

592

17G. Bergantiños et al. / Mathematical Social Sciences xx (2007) xxx–xxx

ARTICLE IN PRESS
UN
CO

RR
EC

TE
D P

RO
OF

Formally:

Mechanism I. First, a proposer i∈C1 is randomly chosen out of coalition C1aC, being each
player equally likely to be chosen. Player i proposes a feasible payoff, i.e. a point in S. The
members of C1 \ {i} are then asked in some prespecified order. If one of the members of C1 \ {i}
rejects the proposal, then with probability ρ the mechanism is repeated under the same conditions,
and with probability 1−ρ the mechanism finishes in disagreement. If all the members of C1 \ {i}
accept the proposal, then the same procedure is repeated with coalition C2, and so on. If there is
no rejection, one of the proposals is chosen at random, being each proposal equally likely to be
chosen. Say the proposal of coalition Cq is chosen. Then, the members of N \Cq are asked in some
prespecified order. If one of the members of N \Cq rejects the proposal, then with probability ρ the
mechanism is repeated under the same conditions, and with probability 1−ρ the mechanism
finishes in disagreement. If the mechanism finishes in disagreement, the final payoff is d.

This structure in two levels appears in many situations where negotiations are carried out by
agents who are the delegates of larger coalitions. Delegates begin to negotiate among them not
before agreeing their proposals with their respective coalitions.

However, it may be possible an inverse structure: a coalition is first chosen to make a proposal,
and only then they choose a proposer to make the offer.

Formally:

Mechanism II. First, a coalition Cq out of C is randomly chosen, being each coalition equally
likely to be chosen. Then, a proposer i is randomly chosen out of Cq, being each player equally
likely to be chosen. Player i proposes a feasible payoff, i.e. a point in S. The members of N \ {i}
are then asked in some prespecified order. If one of the members of N \ {i} rejects the proposal,
then with probability ρ the mechanism is repeated under the same conditions, and with
probability 1−ρ the mechanism finishes in disagreement. In the latter case, the final payoff is d.

This procedure is the adaptation to bargaining problems of the mechanism that appears in
Section 4.4. in Vidal-Puga (2002).

Clearly, each player i∈N is chosen as proposer with probability li ¼ 1
pci
.

This mechanism also generalizes Hart and Mas-Colell's bargaining mechanism (applied to
bargaining problems) when the coalition structure is trivial. However, it is not equivalent to
the mechanism in Vidal-Puga (2005a). In particular, it does not implement the Owen value when
applied to a TU game with coalition structure, as Example 43 in Vidal-Puga (2002) shows.

As in Hart and Mas-Colell (1996) and Vidal-Puga (2005a), we work with stationary strategies.
This means that the proposal of an agent is independent of the previous history. Notice that a
stationary subgame perfect equilibrium is also optimal against non-stationary strategies.

Theorem 6. If ðS; d;CÞaBðNÞ, in the two above mechanisms there exists a stationary subgame
perfect equilibrium for each ρ∈ [0, 1). Moreover, as ρ approaches 1, any stationary subgame
perfect equilibrium payoff converges to dðS; d; CÞ.

From now on, when we say equilibrium, we mean stationary subgame perfect equilibrium.
As it can be readily checked from the Proof of Theorem 6 below, both mechanisms yield

the same equilibrium payoff for any ρ, and not only in the limit. However, this is not
generally true for the class of TU games. See Example 43 in Vidal-Puga (2002). The reason
Please cite this article as: Bergantiños, G. et al. A solution for bargaining problems with coalition structure.
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is that, for Mechanism I, the players do not know which proposal will be selected in the
game between coalitions. When a player is substitutable for someone else outside the
coalition, it may happen that one of his coalition partners makes a proposal that leaves him
a negative payoff. The substitutable player nevertheless agrees because his final payoff is
non-negative in expected terms (he hopes another proposal be chosen in the play between
coalitions). See Example 14 in Vidal-Puga (2005a). For Mechanism II, however, no
negative payoff is bound to be accepted in the game inside a coalition. This cancels out
some disadvantage of a substitutable player. For the class of bargaining problems, however,
no player is substitutable and hence the result.

The proof for Mechanism I comes from Theorem 12 in Vidal-Puga (2005a), Claim 2 in the
Proof of Theorem 5, and an analogous reasoning as in the Proof of Proposition 12 below. Hence,
we concentrate on Mechanism II.

In order to prove Theorem 6 for Mechanism II, we need further notation.
Given ρ∈ [0, 1), let ai(ρ) be the proposal of player i when he is the proposer. Let

aðqÞ :¼
X
iaN

liaiðqÞaℝN

be the final payoff when all the proposals are due to be accepted. When there is no ambiguity, we
write a and ai instead of a (ρ) and ai (ρ), respectively.

Proposition 7. Given ρ∈ [0, 1), the proposals in any equilibrium of a bargaining problem with
coalition structure ðS; d; CÞ are characterized by

P1 ai(ρ)∈∂S for each i ∈ N and
P2 aj

i(ρ)=ρaj(ρ)+ (1−ρ) dj for each j≠ i.

Moreover, the proposals are always accepted and ai(ρ)≥d for each i∈N.
This Proposition is similar to Proposition 1 in Hart and Mas-Colell (1996). However, in Hart

and Mas-Colell the vector a is the average of the ai's. In this case, a is a weighted average with
weights given by the μi's.

Proof. Assume we are in equilibrium. Let baℝN be the expected final payoff. Each player i∈N
can guarantee himself a payoff of at least di by proposing always d and accepting only proposals
which give him no less than di. Thus, b≥d.

We must prove that conditions P1 and P2 hold. We proceed by two Claims:

Claim (A). Assume the proposer is i∈Cq. Then, all players in N \{i} accept ai if aj
iNρbj+ (1−ρ)

dj for each j≠ i. If ajibρbj+ (1−ρ) dj for some j≠ i, then the proposal is rejected.

Notice that, in the case of rejection, the expected payoff of a player j≠ i is ρbj+(1−ρ)dj.
We assume without loss of generality that i=1 and (2,…, n) is the order in which the players in

N \ {i} are asked.
If the game reaches player n, i.e. there has been no previous rejection, his optimal strategy

involves accepting the proposal if an
i is higher than ρbn+(1−ρ) dn and rejecting it if it

is lower than ρbn+(1−ρ)dn. Player n−1 anticipates reaction of player n. Hence, if anNρbn+
(1−ρ)dn, an−1Nρbn−1+ (1−ρ)dn−1, and the game reaches player n−1, he accepts the
proposal. If anbρbn+(1− ρ)dn, then player n−1 is indifferent between accepting or rejecting
the proposal, since he knows player n is bound to reject the proposal should the game reach
Please cite this article as: Bergantiños, G. et al. A solution for bargaining problems with coalition structure.
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him. In any case, the proposal is rejected. By going backwards, we prove the result for all
players in N \ {i}.

Claim (B). Assume the proposer is player i. Then, his proposal is accepted.

Assume the proposal of player i is rejected. This means the final payoff for player i is ρbi+(1−ρ)
di.

We define a new proposal ai for player i as follows. Since b∈S and d belongs to the interior of
S, by convexity ρb+(1−ρ)d belongs to the interior of S. Thus, it is possible to find εN0 such that
ρb+(1−ρ) d+(ε …, ε) belongs to S. Let ai=ρb+(1−ρ)d+(ε,…, ε). By Claim (A), this offer is
accepted and the final payoff for player i is ρbi+(1−ρ)di+ε. This contradiction proves Claim (B).

Since all the proposals are accepted, and each player i has probability μi to be chosen as
proposer, we can assure that b=a.

We show now that P1 and P2 hold.
Suppose P1 does not hold, i.e. there exists a player i such that ai is not Pareto optimal. Thus, ai

belongs to the interior of S; so, there exists εN0 such that ai+(ε, …,ε)∈S.
Notice that, since the proposal ai of player i is accepted (Claim (B)), by Claim (A) we know that

aj
i≥ρaj+(1−ρ)dj for each j≠ i. So, if player i changes his proposal to ai+(ε,…, ε), it is bound to be

accepted and his expected final payoff improves by μiεN0. This contradiction proves P1.
Suppose P2 does not hold. Let j0≠ i be a player such that aj0

i =ρaj0+ (1−ρ)dj0+α with α≠0.
By Claims (A) and +), αN0.

Let xaℝN be defined by xj0 =α and xj=0 for all j≠ j0. By comprehensiveness and non-
levelness, we have ai − x belongs to the interior of S. Thus, there exists εN0 such that

̂ai :¼ ai � xþ ðe; N ; eÞ

belongs to S. Suppose player i changes his proposal to âi. Let â j=â j for all j≠ i. The new average
̂a ¼
P

iaN li ̂ai satisfies

̂a i
i ¼ aii � xi þ e ¼ aii þ eNaii; ̂a j0i ¼ aij0 � xj0 þ e
¼ qaj0 þ ð1� qÞdj0 þ a� aþ eNqaj0 þ ð1� qÞdj0 ;

and

̂aij ¼ aij � xi þ e ¼ aij þ eNaijzqaj þ ð1� qÞdj for all jp i; j0:

Thus, by Claim (A), the new proposal of player i is due to be accepted. Also, player i improves
his expected payoff. This contradiction proves P2.

Conversely, we show that proposals (ai)i∈N satisfying P1 and P2 can be supported as an
equilibrium.

First, we prove that ai≥d for all i∈N. By convexity, x=ρa+(1−ρ)d belongs to S. Fix i∈N,
by P2, we have aj

i=xj for all j≠ i. We conclude that ai≥x because ai∈∂S and x∈S. Hence:

aj ¼
X
iaN

liaijz
X
iaN

lixj ¼
X
iaN

liðqaj þ ð1� qÞdjÞ ¼ qaj þ ð1� qÞdj

and thus (1−ρ)aj≥ (1−ρ)dj, i.e. aj≥dj.
Fix a player i∈N. If he rejects the proposal from a proposer j≠ i, his expected final payoff is

ρai+(1−ρ)di. Thus, his expected final payoff is the same as that the other player is offering. Since
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the rest of the players accept the proposal, he does not improve his expected final payoff by
rejecting it. If the proposer is player i himself, the strategies of the other players do not allow him
to decrease his proposal to any of them (since it would be rejected by Claim (A)). Moreover,
increasing one or more of his offers to the other players keeping the rest unaltered implies his own
payment decreases (by P1 and non-levelness). Finally, by offering an unacceptable proposal, he
may be dropped out and his expected final payment becomes di, which does not improve his final
payoff because ai

i≥di. Thus, the proposals do form an equilibrium. □

Proposition 8. Let S ¼ xaℝN :
P

iaN kixiVn
� �

for some kaℝN
þþ and naℝ. Assume a set of

proposals (ai)i∈N satisfies P1 and P2. Then a ¼ dðS; d; CÞ, i.e.

kiai ¼ kidi þ li
X
jaN

kjaj �
X
jaN

kjdj

 !

for each i∈N.

Proof. Fix i∈Cq. Then,

kiai ¼ ki
X
jaN

l ja j
i ¼ ki

X
j p i

l ja j
i þ likia

i
i:

By P1,

kiai ¼ ki
X
jpi

l ja j
i þ li n�

X
jpi

kja
i
j

 !

¼ ki
X
jaN

l ja j
i þ li n�

X
jaN

kja
i
j

 !
:

By P2,

kiai ¼ ki
X
jaN

l jðqai þ ð1� qÞdiÞ þ li n�
X
jaN

kjðqaj þ ð1� qÞdjÞ
 !

¼ qkiai þ ð1� qÞkidi þ li n� q
X
jaN

kjaj � ð1� qÞ
X
jaN

kjdj

 !
:

Since ai∈∂S and
P

jaN l j ¼ 1, we have
P

jaN kjaj ¼ n. Hence,

kiai ¼ qkiai þ ð1� qÞkidi þ li ð1� qÞn� ð1� qÞ
X
jaN

kjdj

 !
:

Hence,

ð1� qÞkiai ¼ ð1� qÞkidi þ ð1� qÞli n�
X
jaN

kjdj

 !

and dividing by (1−ρ),

kiai ¼ kidi þ li n�
X
jaN

kjdj

 !

which completes the proof because n ¼
P

jaN kjaj. □
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Corollary 9. Assume S ¼ xaℝN :
P

iaN kixiVn
� �

for some kaℝN
þþ; naℝ. Then, for each

ρ∈ [0, 1), there exists a unique equilibrium payoff, which equals dðS; d; CÞ.

Proof. Immediate from Propositions 7 and 8. □

Proposition 10. Let ðS; d; CÞaBðNÞ. Then, for each ρ∈ [0, 1), there exists an equilibrium.

Proof. By Proposition 7, we only need to prove that there exist proposals satisfying P1 and P2.
Let K={x∈S: x≥d}. This set is non-empty (d∈K), closed (because S is closed), and

bounded. Thus, K is a compact set. Furthermore, K is convex (because S is convex).
We define n functions αi: K→K as follows. Given i∈N, αj

i(x):=ρxj+(1−ρ)dj for each j≠ i
and αi

i(x) is defined in such a way that αi(x)∈∂S.
These functions are well-defined because y:=ρx+(1−ρ)d belongs to K (by convexity) and

αi(x) equals y in all coordinates but i's, which we increase until reaching the boundary of S.
Also, because of the smoothness of S the functions αi are continuous. By the convexity of the

domain,
P

iaN liaiðxÞaK for each x∈K. Hence, the function α: K→K defined as aðxÞ ¼P
iaN liaiðxÞ for all x∈K is well-defined and continuous. Since K is a non-empty, compact, and

convex subset of the Euclidean space, under Kakutani fixed point theorem there exists a vector
a∈K satisfying a ¼

P
iaN liaiðaÞ.

We define ai=αi (a) for each i∈N. It is trivial to see that (ai)i∈N satisfies P1 and P2. □

Proposition 11. Let ðS; d; CÞaBðNÞ and let (ai)i∈N be the proposals in equilibrium. Then, there
exists Maℝ such that |aj

i−aj|≤M(1−ρ) for all i, j∈N.

Proof. Fix i∈N. Given j∈N \ {i}, by P2:

jaij � ajj ¼ jqaj þ ð1� qÞdj � ajj ¼ ð1� qÞjaj � djj:

We define

Mi
1 ¼ maxfjaj � djj : jaNqfig; qa½0; 1Þg:

Notice that aj depends on ρ. This maximum is well-defined because aj≥dj for all j∈N \ {i},
a∈K={x∈S: x≥d}, and K is compact.

We have then |aj
i−aj|≤M1

i (1−ρ) for all j∈N \ {i}.
We now study |ai

i−ai|. We know that ai ¼
P

jaN l ja j
i . Then,

aii ¼
1
li

ai �
X
j p i

l jaji

 !
:

So,

jaii � aij ¼ 1
li
jai �

X
j p i

l ja j
i � liaij

¼ 1
li
jai �

X
j p i

l jðqai þ ð1� qÞdiÞ � liaij

¼ 1
li
jai � q

X
jaN

l jai � ð1� qÞ
X
j p i

l jdi � ð1� qÞliaij:
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Since
P

jaN l j ¼ 1,

jaii � aij ¼ 1
li
jð1� qÞ

X
jaN

l jai � ð1� qÞ
X
j p i

l jdi � ð1� qÞliaij

¼ 1� q
li jXj p i

l jai �
X
jpi

l jdij
V
1� q
li

X
j p i

l jjai � dij

¼ 1� q
li

ð1� liÞjai � dij:

Let

Mi
2 ¼

1� li

li
maxfjai � dij : qa½0; 1Þg:

Using similar arguments to those usedwithM1
i we can argue thatM2

i is well-defined, for each i∈N.
So, we take Mi=max{M1

i, M2
i} and M=max {Mi}i∈N. □

Proposition 12. Let ðS; d; CÞaBðNÞ, and let a(ρ) be an equilibrium payoff for each ρ∈ [0, 1).
Then, aðqÞYdðS; d; CÞ when ρ→1.

Proof. Note that aðqÞYdðS; d; CÞ means that for all εN0 there exists ρ0∈ [0, 1) such that if
ρNρ0 then, jaðqÞ � dðS; d; CÞjbe.

Assume the result is not true. This means that there exists εˆN0 such that for each ρ0∈ [0, 1) it
is possible to find ρNρ0 satisfying

jaðqÞ � dðS; d; CÞjz ̂e:

Let {ρ0
k}k=0

∞ ⊊ [0, 1) be a sequence with ρ0
k→1. For each k, it is possible to find ρkNρ0

k

satisfying jaðq kÞ � dðS; d; CÞjz ̂e. Since ρ0
k→1 and ρkNρ0

k for all k, we have ρk→1. Moreover,
jaðqk Þ � dðS; d; CÞjz ̂e for all k.

Since a(ρk )≥d for each k and S is closed, there exists a⁎≥d such that a⁎ is a limit point of {a
(ρk )}k=0

∞ , i.e. there exists a subsequence of {a(ρk )}k=0
∞ which converges to a⁎. We can assure

without loss of generality that a(ρk )→a⁎.
Since ρk→1, by Proposition 11, ai(ρk )→a⁎ for each i∈N. Since ai(ρ)∈∂S for each ρ∈ [0, 1),

i∈N and ∂S is closed, we conclude that a⁎∈∂S.
Let λ be the unit length vector normal to ∂S at a⁎. We associate to each ρk a bargaining

problem with coalitional structure ðSk ; d; CÞ as follows:
Given k, there exists at least one hyperplane on ℝN containing the n points {ai(ρk ): i∈N}. If

there are more than one hyperplane, we take the one whose unit length outward orthogonal vector
λk is the closest to λ.

We define:

Sk ¼ xaℝN :
X
jaN

kkj xjV
X
jaN

kkj a
i
jðqÞ; iaN

( )
:

The half-space Sk is well-defined because
P

jaN kkj a
i
jðqÞ ¼

P
jaN kkj a

iV
j ðqÞ for all i, i′∈N.
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Since ai(ρk)→a⁎ for all i∈N, by the smoothness of ∂S, λk→λ. Therefore,

SkYSV¼ xaℝN :
X
jaN

kjxjV
X
jaN

kja
*
j

( )
:

By Proposition 7, the proposals {ai(ρk): i∈N} satisfy P1 and P2 for ðS; d; CÞ. But these
properties are the same for ðSk ; d; CÞ. Thus, by Proposition 7, a(ρk) is an equilibrium payoff for
ðSk ; d; CÞ. By Proposition 8, this implies that aðqkÞ ¼ dðSk ; d; CÞ. Hence, given i∈N,

aiðqkÞ ¼ di þ
li

kki

X
jaN

kkj ajðqkÞ �
X
jaN

kkj dj

 !

and thus

a*i ¼ di þ
li

ki

X
jaN

kjaj �
X
jaN

kjdj

 !
:

Hence a⁎ ¼ dðS; d; CÞ. But this contradicts that jaðqkÞ � dðS; d; CÞjz ̂e for each k=0, 1,… This
proves the result. □

6. Concluding remarks

Chae and Heidhues (2004) and Vidal-Puga (2005a) describe two values in bargaining
problems with coalition structure. We prove that both values coincide.

We study this value (called δ) and we find three kinds of results. Firstly, we present three new
characterizations of δ. Secondly, we prove that five values presented in the literature for NTU
games with coalition structure coincide with δ when we restrict to bargaining problems. Thirdly,
we present a new non-cooperative mechanisms with a unique stationary subgame perfect
equilibrium payoff that approaches δ.

The Harsanyi paradox (Harsanyi, 1977) says that an individual can be worse off bargaining as
a member of a coalition than bargaining alone. This paradox makes some solutions inadequate for
some situations. Nevertheless, in other situations this is not so relevant. For instance, when
coalitions are fixed and agents can not leave them. A good example could be a group of countries
(considered as coalitions of local governments) bargaining about the reduction of greenhouse gas
emissions. Most of the solutions of the literature have this paradox. Chae and Heidhues (2004)
prove that δ has this paradox. Recently, Chae and Moulin (2004) and Vidal-Puga (2005b) found
solutions without the Harsanyi paradox.
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