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1 Introduction

Hart and Mas-Colell (1996) (from now on, H&M) developed a bargaining mech-
anism which yields the consistent value (Maschler and Owen 1989, 1992) for
non-transferable utility (NTU) games. First, a player is randomly chosen in
order to propose a payoff. If this proposal is not accepted by all the other play-
ers, the mechanism is played again under the same conditions with probability
p € 10,1). With probability 1 — p, the proposer leaves the game and the mecha-
nism is repeated with the rest of the players. H&M consider that the consistent
value is a very appropriate generalization for the Shapley (1953) value (used in
transferable utility (TU) games) to NTU games.

Other non-cooperative mechanisms which implement the Shapley value may
be found, for example, in Gul (1989), Hart and Moore (1990), Winter (1994),
Evans (1996), Dasgupta and Chiu (1998), Pérez-Castrillo and Wettstein (2001)
and Mutuswami, Pérez-Castrillo and Wettstein (2002). Navarro and Perea
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(2001) designed a mechanism which implements the Myerson (1977) value, which
is an extension of the Shapley value to graph-restricted games.

Sometimes, however, players are associated in a priori coalitions. Owen
(1977) studied them in TU games. He proposed a value, known as the Owen
value, which generalizes the Shapley value for games with a coalition structure.
Later, Winter (1991) proposed a value, called the Game Coalition Structure
value, which is a generalization of the Harsanyi (1963) value for NTU games
and the Owen value for TU games with a coalition structure.

A non-cooperative mechanism which implements the Owen value in the TU
case is given by Vidal-Puga and Bergantifios (2003).

In this paper, we develop a non-cooperative mechanism that takes into ac-
count the coalition structure and implements both the consistent value for NTU
games and the Owen value for TU games.

The mechanism is as follows: First, a player is randomly chosen out of each
coalition and proposes a payoff. Then, each proposal is voted by the rest of the
members of its own coalition. If one of them rejects the proposed payoff, the
mechanism is either played again under the same conditions (probability p), or
the proposer leaves the game and the mechanism is repeated with the rest of
the players (probability 1 — p). If there is no rejection, the proposal of one of
the coalitions is randomly chosen. If this proposal is not accepted by all other
coalitions, the mechanism is played again under the same conditions (probability
p), or the entire proposing coalition leaves the game and the mechanism is
repeated with the rest of the players (probability 1 — p).

Thus, this mechanism has two stages. First, agreements are negotiated
within coalitions and then through delegates between coalitions. This struc-
ture appears in many economic and political situations, where negotiations are
carried out by agents who are the representatives, or delegates, of a larger group
of agents or players. For example, international affairs are negotiated by a min-
ister of foreign affairs and not by the whole government. Negotiations between a
syndicate and a company are carried out by the main spokesperson for each side.
When a scandal involving a government or company breaks, a single spokesper-
son states the official position on it. In any case, this delegate does not act
independently, but follows a strategy previously agreed on by the agents he is
representing.

When the coalition structure is trivial (i.e., either there is a single grand
coalition or all the coalitions are singletons), the mechanism coincides with that
of H&M. Thus, the consistent value arises in equilibrium. Furthermore, when
the mechanism is applied to a TU game with coalition structure, the Owen value
is implemented.

When the mechanism is applied to pure bargaining problems, we obtain
a coalitional solution that coincides with the Nash bargaining solution (Nash,
1950) when the coalition structure is trivial.

As for general NTU games with coalition structure, the arising equilibrium
payoff is a recently studied solution concept: the consistent coalitional value
(Bergantifios and Vidal-Puga, 2002).

The structure of this paper is as follows: In Section 2 we give the definitions



and results used in the paper. In Section 3 we describe the coalitional mechanism
and give the main results: Proposition 9 deals with the existence of equilibria.
Theorem 10 proves the result for TU games and the Owen value. Theorem 12
gives the result for pure bargaining problems. In Section 4, we present some
concluding remarks. Finally, the proofs are located in the Appendix.

2 Definitions and previous results

Mainly, we follow the same notation as in H&M. Let N = {1,2,...,n} and 2V =

{S:S C N}. Given z,y € RY, we say y < x when y* < 2% for every i € N. We

denote by z -y the scalar product Y zy’. We denote R, := {:L' eERN iz > 0},
iEN

and Rf+ = {x eRN gzt > O,Vi}.

A non-transferable utility game, or NTU game, is a pair (N, V) where N
is the set of players and V is a correspondence which assigns to each coalition
S C N, S # 0 asubset V(S) C R representing all the possible payoffs that the
members of S can obtain for themselves when playing cooperatively. For S C N,
we maintain the notation V' when refering to the application V restricted to S as
player set. For simplicity, we denote V () instead of V ({i}), S U dinstead of
S U{i} and N\i instead of N\{:}.

We impose the next conditions on the function V:

(A.1) For each S C N, the set V(S) is closed, convex, comprehensive (i.e., if
x € V(S) and y € R® with y < z, then y € V(S)) and upper bounded (i.e.,
for each x € R¥, the set {y € V(S) : y > z} is bounded).

(A.2) For each S C N, the boundary of V(S), which we denote by 9V (5),
is smooth (this means that on each point of the boundary there exists a
unique outward orthonormal vector) and nonlevel (this means that the
outward vector on each point of 9V (S) has positive coordinates).

(A.3) Monotonicity: For each T C S, V(T) x {0\T} c V(S).
(A.4) Normalization: For each S C N, 0° belongs to V().

We denote by TU(N) the set of TU games over N.
For each i € N, let 7' := max {z : z € V (i)} (notice that, by (A.4), r* > 0).

When
V(S) = {x €RY: le < U(S)}

€S

for some v : 2V — R with v ((}) = 0, we say that (N, V) is a transferable utility
game (or TU game) and it is represented by (N, v).
When
V(S)={zeR%: \g-a <v(9)} (1)



for some Ag € RY, and v : 2V — R with v () = 0, we say that (N,V) is a
hyperplane game. .

Notice that every TU game is a hyperplane game with \g = 1 for all ¢ €
SCN.

If 5 € OV (S) for all S & N and rV € V (N), we say that (N, V) is a pure
bargaining problem.

We say that an NTU game is zero-monotonic if V (i) x V (S\i) C V (S) for
allie S CN.

Given N, we call coalition structure over N a partition of the player set,
ie., C={C1,0Cy,...,Cp} C 2N is a coalition structure if it satisfies |J C, = N

C ec
and Cy N C, = 0 when ¢ # r. A coalition structure C over N is trivial if either
C={{1},{2},...,{n}} or C = {N}.

We denote by (N,V,C)an NTU game (N, V) with coalition structure C over
N. We denote by CNTU(N) the set of NTU games with coalition structure
over N. For coalitions S C N, we denote by Cg the restriction of C to the
players in .S’ (notice that this implies that Cs may have less or the same number
of coalitions as C). We also denote N~7 instead of N\Cy, C_; instead of Cn\;,
and C~? instead of C\Cj.

Given G is a subset of NTU(N)or CNTU(N), a value in G is a correspon-
dence which assigns to each element in G a subset of RY. When these subsets
are singletons we call the value a single value. A well known single value for TU
games is the Shapley value (Shapley, 1953). We denote by ¢, € RY the Shap-
ley value of the TU game (N, v). For TU games with coalition structure, Owen
(1977) proposed a single value based on Shapley’s which takes into account the
coalition structure C. We call this value the Owen coalitional value, or simply
the Owen value. We denote by ¢, € RY the Owen value of the TU game with
coalition structure (N, v,C).

The consistent value for NTU games is introduced by Maschler and Owen
(1989, 1992). Let (N, V) be a hyperplane game defined as in (1). Given i € N,
the consistent value W is defined recursively as follows:

Assume we know \IIJS for all S ¢ N and j € S. Then,

i 1 i 0y R
Uy = i D AT — D AT (V) ] (2)
INIAN JEN\i JEN\i

For a general NTU game (N, V'), Maschler and Owen (1992) take for each
coalition S C N a vector Ag normal to the boundary of V(S). Let (N, V’) be the
resulting hyperplane game, i.e. V/(S) = {z € R¥: A\g-2 <v(S,As)} D V(S),
with

v(S,Ag) :=max{Ag-x:x € V(9)}.



Let ¥ = (Wg)g-n With Wg the (only) consistent value for (S,V’). If W is
a feasible payoff in (N, V) (i.e., ¥g € V(S5),VS C N) then Uy is a consistent
value for V.

The consistent value coincides with the Shapley value for TU games. Maschler
and Owen (1992) also show that the consistent value exists (it is not always
unique though) for any NTU game.

Let (N, V,C) be a hyperplane game with coalition structure. Bergantifios and
Vidal-Puga (2002) define recursively the consistent coalitional value as follows:
Given i € Cy € C,

Assume we know @{g for all S & N and j € S. Then,
, 1 s S
Py = —— > STANGPL . — S NP
MG Ny <c,,€c-q (M NN g NN
1 o o
— [ X AP - Y MNP (3)
ICol Ny o ¥ NV e M
+———v (N).
ICl1Cq| Ay

It is straightforward to check that (3) coincides with (2) when C is a trivial
coalition structure.

Following the usual practice, we consider a payoff configuration as a set of
payoffs © = (zg)scny with x5 € RS for all S C N.

The generalization of ® to NTU games (not necessarily hyperplane games)
is done analogously to the consistent value. For an NTU game with coalition
structure (N, V,C), we take for each coalition S C N a normal vector Ag to
the boundary of V(S). Let (V,V’,C) be the resulting hyperplane game. Let
@ = (Ps)gcy for all S C N be the (unique) consistent coalitional payoff
configuration for (N, V’,C). If ® is a feasible payoff configuration for (N, V,C),
then ® is a consistent coalitional payoff configuration for (N,V,C).

Bergantinos and Vidal-Puga (2002) proved that the consistent coalitional
value exists for any NTU game (although it is not necessarily unique) and
gave the following characterization: Given S C N player set, we denote by
C, = CyN S (when different from (}) the restriction of Cy in Cs. We also
denote S~ := S\C; and Cg? := Cs\C;. The set ® = (®g)scn is a consistent
coalitional payoff configuration for (N, V,C) if and only if for each S C N there
exists a vector A\g € RY |, orthogonal to V (), such that:

(B.1) &5 €0V (S);
(B.2) for every Cj € Cs

Do 2 As@ )| = D0 | D Ne(®s - D) |

crecg® €0, crecg? [€C;



(B.3) for every i € C; € Cs

Z /\g (‘bg - g‘\j) = Z /\?S (q’f‘s - (bg'\i) :

JECI\i FECI\i

Thus, (B.1), (B.2), and (B.3) generalize the characterization by means of
Pareto optimality and balanced contributions of the Owen value (Theorem 2
in Calvo, Lasaga and Winter, 1996) and the consistent value (Proposition 4 in
H&M). Calvo, Lasaga and Winter (1996) characterized by Pareto optimality
and balanced contributions the levels structure value (Winter, 1989) which is a
generalization of the Owen value.

3 The coalitional mechanism

In this section we describe the coalitional mechanism. This mechanism is a
modification of the bargaining mechanism presented by H&M.

Even though the model is defined for NTU games, we focus on TU games
and on pure bargaining problems. We show that there exists at least an equi-
librium. Moreover, the final payoff in any equilibrium coincides with the Owen
value in zero-monotonic TU games. For pure bargaining problems, we obtain a
generalization of the Nash bargaining solution.

For each S C N, we denote by I's the set of applications v : Cg — §
satisfying v, € Cy for each C} € Cs. For simplicity, we denote I' := I'y and
Vg =7 (Cq).

The coalitional bargaining mechanism associated to (N,V,C) and p € [0,1)
is defined as follows:

In each round there is a set S C N of active players. In the first
round, S = N. FEach round has one or two stages. In the first
stage, a proposer is randomly chosen from each coalition. Namely,
a function v € T'g is randomly chosen, being each ~ equally likely to
be chosen. The coalitions play sequentially (say, for example, in the
order (C1,C3, ...,CI’,)) in the following way: Proposer 7, proposes
a feasible payoff, i.e. a vector in V(S). The members of C1\v;
are then asked in some prespecified order to accept or reject the
proposal. If one of them rejects the proposal, then we move to the
next round where the set of active players is S with probability p
and S\, with probability 1 — p. In the latter case, player v, gets
a final payoff of 0. If all the players accept the proposal, the game
moves on to the next coalition, C4. Then, players of C) proceed
to repeat the process under the same conditions, and so on. If all
the proposals are accepted in each coalition, the proposers are called
representatives. We denote by a (S, vq) € V(S) the proposal of v,,.

In the second stage, a proposal a (S, ’yq) is randomly chosen, each
proposal being equally likely to be chosen. We call player v, the



representative-proposer, or simply r.p. If all the members of S™¢
accept a (S , 'yq)f they are asked in some prespecified order — then the
game ends with these payoffs. If it is rejected by at least one member
of S79, then we move to the next round where, with probability p,
the set of active players is again S and, with probability 1 — p, the
entire coalition C</1 drops out and the set of active players becomes
S74. In the latter case each member of the dropped coalition Cj,
gets a final payoff of 0.

Clearly, given any set of strategies, this mechanism finishes in a finite number
of rounds with probability 1.

This mechanism generalizes H&M’s for trivial coalition structures. For
C = {N}, the second stage is trivial, since there is a single r.p. and a sin-
gle proposal. Moreover, the first stage coincides with H&M’s mechanism. For
C={{1},{2},....,{n}}, the first stage is trivial. Each player states a proposal,
and in the second stage a proposal is randomly selected and voted by the rest
of the players/coalitions.

Remark 1 The normalization given by property (A.4) does not affect our re-
sults, although the bargaining mechanism must be changed as follows: The player
i € N who drops out receives an amount z* € R such that z* € V(i). This x°
can be considered as a “penalty payoff”. Also, the monotonic property must be
replaced by V(T) x (25\T) C V(S) for each T C S.

The coalitional bargaining mechanism may be interpreted as the mechanism
of H&M played in two stages, one of them by the coalitions and the other by
the players inside the same coalition. In the second stage, the coalitions play
H&M'’s mechanism. This means that a coalition is randomly chosen to propose
a payoff. Disagreement to this payoff by at least one of the other coalitions puts
the whole proposing coalition in jeopardy. In order to decide the proposals, the
members of each coalition play H&M’s mechanism in the first stage. Thus, a
player is randomly chosen inside each coalition and proposes a feasible payoff.
Only if the rest of the members of his coalition agree to this payoff, the proposal
goes on to the second stage. Otherwise, the proposer is in jeopardy. However,
once the proposal is presented in the second stage, it is backed by the whole
proposing coalition, so that its rejection may imply the whole coalition leaving
the game.

In our study, as in H&M'’s, we consider stationary subgame perfect equilibria.
In this context, an equilibrium is stationary if the players’ strategies depend only
on the set S of active players. They do not depend, however, on the previous
history or the number of played rounds.

We also assume, as H&M, that players break ties in favor of quick termina-
tion of the game. We must note that this assumption is not needed in H&M'’s
model. However, Example 13 shows that we cannot avoid it in our coalitional
mechanism.

From now on, when we say equilibrium, we mean stationary subgame perfect
equilibrium satisfying this tie-breaking rule.



Given a set of stationary strategies, let S denote the set of active players.
We denote by a(S,i) € V(S)the payoff proposed by i € C; € Cs when the
set of proposers is determined by some v € I's with v, = i. We also define, for

a given v € I'g:
S)y = Z (8,74) -

Since V'(S) is a convex set and each a(S, 7,) belongs to V(S), their average
also belongs to V' (.S). When all the proposals are accepted, a(S), is the expected
final payoff when ~ determines the set of proposers (or representatives).

Given i € C) € Cs, let I's; (I'; := I'v;) be the subset of functions v €
g such that v, = i. Notice that [T's| = |Ts;| |C;| for all i € C}, € Cs. Then,

a(S1) =g 2 ] 2 ¢S €V ()

Crecs IUsil ~eTs.:

is the expected final payoff when all the proposals are accepted and player i is
the proposer (and representative) of his coalition.

We denote
I's SeTs

as the expected final payoff when all the proposals are accepted. Given C('I € Cg,
it is straightforward to prove that a(S) may also be expressed as:

ZECI

It is also straightforward to prove that

|Cs\ Z Z (S,4). (4)

CLeCs ZGC’

Proposition 1 in H&M characterizes the proposals corresponding to an equi-
librium by (1) a(S,i) € dV (S) for all i € S and (2) a(S,7)’ = pa(S)’ +
(1—p)a(S\i)’ for alli,j € S.

We now introduce some properties which generalize (1) and (2) in H&M to
games with coalition structure.

We consider the following properties:

(C.1) a(S,i) € OV(S) for every i € S;
(C.2) a(S];)? = pa(S)? + (1 — p)a(S\i)? for every i,j € C; € Cs with j # i;

(C.2%) a(S,i)? = pa(S) + (1 — p) [[Csla(S\i)? — > a(S77)7| for every
Crecg!
i,] € C<l1 € Cg;



(C.3) a(S,i)! = pa(S)? + (1 — p)a(S~9)7 for every i € C} € Cs, j ¢ C,.

Of course (C.1) coincides with Property (1) of Proposition 1 in H&M. Prop-
erty (2) is split in two properties: (C.2) or (C.2%), and (C.3), following the usual
practice found in the literature on games with coalition structure.

Proposition 2 If (C.3) holds, then (C.2) is equivalent to (C.2°).
The proof of Proposition 2 is in the Appendix.

Proposition 3 If (C.3) holds, then a(S)’ = a(S|;) for every i € C, € Cs,
j¢Cy.
The proof of Proposition 3 is in the Appendix.

Proposition 4 Let (N,V,C) be a TU game with coalition structure. Assume
a set of strategies (a(s’i)z‘eS)scN satisfies (C.1), (C.2) and (C.3). Then,
(a(S))gcn 18 the Owen value ¢ for the game (N, V,C).

The proof of Proposition 4 is located in the Appendix.
By Proposition 2, Proposition 4 also holds if we replace (C.2) by (C.2").

Proposition 5 The proposals in any equilibrium of a zero-monotonic TU game
or a pure bargaining problem are characterized by (C.1), (C.2) and (C.3). More-
over, all the proposals are accepted and a (S) > 0° for all S C N.

The proof of Proposition 5 is located in the Appendix.

Remark 6 There is a subtle difference between the result given by Proposition
5 and Proposition 1 in HEM. In HEM’s model, the proposals a (S,i) are non-
negative. In our model, the proposals do not need to be nonnegative; this can
be checked in Example 14. However, their (weighted) average a(S) is always
nonnegative in equilibrium.

Now, two important corollaries of Proposition 5 are presented.

Corollary 7 Let (N,V,C) be a zero-monotonic TU game or a pure bargaining
problem with coalition structure. Then, a player’s expected payoff in equilibrium
18 independent on who the proposer is in other coalitions, namely:

a(S)Y =a(Sl;)}  VieCyelsijéCl
The proof of Corollary 7 is immediate from Proposition 3 and 5.

H&M say: “if p is close to 1-1i.e., the ‘cost of delay’ is low — then there is little
dispersion among individual proposals: all the a (IV,i) constitute small devia-
tions of a (V). This implies, first, that a (V) is almost Pareto optimal (since the
a (N, 1) are Pareto optimal). And second, that there is no substantial advantage
or disadvantage to being the proposer; the ‘first-mover’ effect vanishes.”

H&M denote a (N,4) and a (N) as an; and ay, respectively.

The next corollary states that the coalitional bargaining mechanism behaves
in the same way.



Corollary 8 There exists M € R such that |a(N,i)) — a(N)| < M(1 — p) for
alli,j € N.

Corollary 8 is readily implied by (C.2’) and (C.3).

In the next proposition we prove the existence of equilibria.

Proposition 9 Let (N,V,C) be a zero-monotonic TU game or a pure bargain-
ing problem with coalition structure. Then, for each p € [0,1), there exists an
equilibrium.

The proof of Proposition 9 is located in the Appendix.

The next results characterize the equilibrium payoffs.

Theorem 10 Let (N,V,C) be a zero-monotonic TU game with coalition struc-
ture. Then, for each p € [0,1), there exists a unique equilibrium payoff. Fur-
thermore, the equilibrium payoff equals the Owen value of (N,V,C).

The proof of Theorem 10 is located in the Appendix.
Theorem 10 may be restated as follows:

Corollary 11 The coalitional mechanism, when applied to zero-monotonic TU
games, implements the Owen value.

Notice that the coalitional bargaining mechanism implements the Shapley
value for zero-monotonic games because the Shapley value coincides with the
Owen value when the coalition structure is trivial.

Theorem 12 Let (N,V,C) be a pure bargaining problem with coalition struc-
ture. If a, = (a,(5))gcn 8 an equilibrium payoff configuration for each p
and a is the limit of a, when p — 1, then a is a consistent coalitional payoff
configuration of (N,V,C).

The proof of Theorem 12 is located in the Appendix.

4 Concluding remarks

4.1 The tie-breaking rule

If we do not assume the tie-breaking rule, the Owen value ¢ is still an equilibrium
payoff for zero-monotonic TU games. However, there can be other equilibria
which do not yield the Owen value, as the next example shows.

Example 13 Consider (N,v,C), where N = {1,2,3,4}, C = {C1,Cs}, C; =
{1,2} and Cy = {3,4}. Moreover, v is the characteristic function associated to
the weighted magjority game where the quota is 3 and the weights are 1, 1, 1,

10



and 2, respectively. This means that v(S) =1 if and only if S contains some of
the following subsets: {1,2,3}, {1,4}, {2,4}, or {3,4}.
It 1s straightforward to prove that

o - (003)
¢N\1 = <—7 0, %v Z)
¢N\2 = <07 ) i’ z)
oo = (344)
e = (3420)

We now define an equilibrium whose payoff outcome is (0, 0, %, %)

First, we describe the strategies of players 1 and 2. When one of them is
chosen as proposer, his proposal is a (N,~,) = (0,0, %, %) Moreover, players
1 and 2 accept an offer if and only if it contributes something positive to them
(hence, under these strategies, the proposal is rejected). In the subgame obtained
after v, drops out of the game, the strategy of the other player coincides with the
strategy with ¢\, as payoff outcome. In the subgame obtained after Cy drops
out of the game, the strategies of players 1 and 2 coincide with the strategy with
On-2 as payoff outcome.

We now describe the strategies of players 3 and 4. In the subgame obtained
after the offer of v, is accepted, the strategies of players 3 and 4 coincide with
the strategies with ¢ as payoff outcome. In the subgame obtained after ~y, drops
out of the game, the strategies of players 3 and 4 coincide with the strategies
with ¢\, as payoff outcome. In the subgame obtained after Cy drops out of
the game, the strategies of players 3 and 4 coincide with the strategies with ¢p -1
as payoff outcome.

It is not difficult to check that these strategies are an equilibrium.

According to these strategies, the offer of player v, is rejected, which means
that player v, obtains a final payoff of 0. Then, players of N \ v, obtain PN\,
as final payoff. This means that the final payoff induced by these strategies is

(0.0.2.2).

4.2 The selected proposal

In the first stage of the coalitional bargaining mechanism, when the players
of a coalition accept the proposal of one of their members, they do not know
whether this proposal would be selected in the second stage. They only know
this proposal would have a chance to be selected and thus be voted by the other
coalitions.

11



This uncertainty is not innocuous and affects in an important way the behav-
ior of the agents. In particular, there may be proposals which assign negative
payoffs to some players, as the next example shows.

Example 14 Consider (N,v,C), where N = {1,2,3}, ¢ = {C1,Cs}, C1 =
{1,2} and Cy = {3}. Moreover, v is the characteristic function associated to
the weighted magjority game where the quota is 3 and the weights are 2, 1, and
1, respectively. This means that v(S) = 1 if and only if S contains {1,2} or
{1,3}. Otherwise, v(S) =0.

The Owen value for this game is (%7% 0).

Assume they play the bargaining coalitional mechanism with p = 0. Player
3 would propose (%, %,0), since this is the payoff players in C7 would get in
absence of him. Player 2 would propose (%, %,O) for a similar reason. Player
1, however, would propose (%,f%,()), and player 2 accepts! Notice that, by
rejecting, player 2 gets 0, and by accepting, his final payoff is % if the r.p. is
player 3, and —% if the r.p. is player 1. In expected terms, player 2 gets 0.

The expected final payoff is the Owen value:

1/3 10+1 110+1 110_310
4\2 2’ 4\2°92 2\2'2°7) " \474 )"

It may be argued that it makes no sense for a player to agree to take his
coalition to the second stage willing to “defend” a negative payoff for him. How-
ever, as p approaches 1, the proposals also approach the expected equilibrium
payoff. In Example 14, for a given p, player 1 would propose (6%43’), §QLZ,O).
Thus, for p > %, the payoff proposed to player 2 is positive.

4.3 Voting in the second stage

In the bargaining mechanism, voting in the second stage involves not only the
representatives but also the rest of the players. A natural question is what
happens when the voting is done only by the representatives. Notice that in
this case, proposals in the first stage should include a function which assigns an
answer (accept or reject) to each possible proposal made by the other represen-
tatives. This allows players to commit to a certain strategy. For example, let v
be the two-person normalized game v({1}) = v({2}) = 0 and v({1,2}) = 1 with
the trivial coalition structure {{1},{2}}. Assume player 1 proposes (1,0) and
to reject any payoff which gives him less than 1; and player 2 proposes (1,0)
and to reject any payoff which gives him less than 0. It is easy to check that
these strategies constitute an equilibrium whose final payoff is (1, 0).

Hence, it should be assumed that all the players have a posteriori veto on
proposals coming from other coalitions. In fact, it seems unreasonable that,
in the negotiation within coalitions, players should anticipate every possible
proposal of the other potential delegates. Instead, players within a coalition
only agree on their own proposal. In the second stage (negotiation among
coalitions) the chosen representative may accept another proposal, knowing that

12



his decission is not binding and it may be vetoed by another player. However,
as we have shown, this veto does not happen in equilibrium.

4.4 The general NTU case

In this paper we concentrate on zero-superadditive TU games and pure bargain-
ing problems. A natural question is whether the mechanism could be applied to
general NTU games. In this more general framework, however, we find that a
player may not have an acceptable offer to propose. More specifically, property
(A.5) (see the proof of Proposition 5) is not satisfied in general.

Example 15 Let (N,V,C) be such that N = {1,2,3}, C = {{1,2},{3}} and V
be defined as follows:

V(Ei)=0—-Ry,i=1,2,3;

V({1,2}) =V ({1,3}) = (0,0) —R%;

V({2,3}) = {(22,23) : 2zo+ 223 < Ly + 23 < £} and

V(N) ={(z1,22,23) : 1 + x2 + z3 < 1}.

It can be easily checked that this game is superadditive. It is not smooth,
but we can make it smooth by introducing a small modification which does not
change our result. Furthermore, if some of the players leave the game, the
coalition structure vanishes (i.e. it becomes trivial) and the coalitional bargain-
ing mechanism coincides with the bargaining mechanism of HEM. Thus, it is
straightforward to prove that the payoffs in equilibrium are given by:

) = 0 foralli=1,2,3
) (ana 7)

a({1,3}) = (O,—,O)
)

(. 70 — 55p 40 — 34p
N " 24p2 —160p + 160 24p2 — 160p + 160 )

Assume player 1 is chosen as proposer. The only proposal satisfying (C.1),
(C.2) and (C.3) is given by

a(N.1) = 12p% — 25p + 10 70 — 55p
7\ 12p2 —80p + 807 12p2 —80p+807 )

But this means that for p € (25_27 2145,1> player 1 is offering himself a
negative payoff. Thus, it is optimal for him to make an unacceptable offer and
hence Proposition 5 does not hold.

The author has been unable to find a characterization of the games which
satisfy property (A.5). This property is needed so that no player is excluded in
equilibrium. When (A.5) holds, the arising final payoff is the consistent coali-
tional value (see Bergantifios and Vidal-Puga, 2002), which is a generalization
of the Owen value for TU games and the consistent value for NTU games with
coalition structure.
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5 Appendix
5.1 Proof of Proposition 2
Fix i,j € C; € Cs with j # i. It is readily checked that

G(S,i)j: |CS|Q(S‘Z)J_ Z | Sz| Z S’}/r

crecg? v€ls,i

We prove that, under (C.3), (C.2) implies (C.2’). The proof for the reciprocal
is similar.

By (C.3), we know a (S,7,)’ = pa (S)? + (1 —p)a(S~") for any C!. £ C!

S0
a(8,i)) =[Csla(S]i)) = Y [pa(S) + (1= p)a(s™")]
Crecg?
and by (C.2), we know a(S|;)? = pa(S)? + (1 —p)a(S\i)’, hence condition (C.2’)
holds.®
5.2 Proof of Proposition 3
We prove the equivalent claim a(S|;)? = a(S|y)? for all i,k € C, € Cs; j ¢ C,,

; 1 1
Si J = — s
a(Sk)' = &3] E, Ts,
Clecg?

a(S,7,)7 + ——a(S, ).
ICs|

Y€ sk

y (C.3), a(S,i)! = pa(S)j +(1—p)a(S~9)7 = a(S,k)j, SO

YEL sk

5.3 Proof of Proposition 4

We prove the following stronger claim:

Proposition 4’ Let (N,V,C) be a hyperplane game with coalition structure.
Assume a set of strategies (a (S’i)iES)SCN satisfies (C.1), (C.2) and (C.3).
Then, (a(S))gcn 15 the consistent coalitional value for the game (N,V,C).

We proceed by induction. The case of one player is trivial. Assume the
result is true for hyperplane games with less than n players. Assume V(N) =
{z eRN: Xz <v(N)} for some A € RY,.

By Bergantifios and Vidal-Puga (2002), proving that a (N) satisfies (B.1),
(B.2), and (B.3) suffices.
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We know that a (N) = S > L >~ a(N,i). Moreover, - a(N,i) =
ICl ¢ éclCqliée,
v (N) for each i € N because a (N, i) € OV (N) by (C.1). Then, A\-a(N) =v (N)
and hence a (N) satisfies (B.1).
We now prove that a (V) satisfies (B.2). For each v € T' with 7, =i € C, €
C, it is easily checked that

€1 Y Na(N), = XNa(N,i) + > Na(N,i) + > (Zva(zv,%y').

JECy JECL\i CreC=a \jely

By (C.1) and (C.3):

‘C| Z )\ja (N)zy = v (N) — Z (Z )\j [pa(N)J + (1 _ p)a(N_q)j}>

j€Cy Crec—a \JjeC,

+ (ZV [PG(N)j+(1—p)a(N_T)j]) :

C.eC—a \jel,

This amount is independent of ~, and thus it coincides with |C| 3> Ma(N)J.
7€C,

Since a (N) satisfies (B.1),

v(N)=> Na(N) = > Na(Ny + Y (Z,\J’a(mj) :

JEN j€Cq CreC—1 \jeC-,

Hence, by doing some computations,

€Y Ve = (1-p) % (Zv [aw)j—awqm)

JEC, Ccrec—a \jeC,

~1-p (ZV [G(N)ja(Nr)j])

crec—a \jeC,

+C] > Na(N)

JEC,

from where we get (dividing by (1—p)) property (B.2) when S = N and Ay = A.
We now prove that a(N) satisfies (B.3). Given ¢ € C,, we know that

CalN'a(N)' = Y Na(N|j)" = Na(N;) + Y Na(NJ;)'.

J€C, JEC\i

1

Since a (N|;) = [ > ﬁ > a(S,v,) and a(N,v,) € OV (N) for each
ily

C.eC er;
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v eT; and C, € C, we conclude that > Ma (N|;)’ = v (N). Then,
JEN

|Cy| Na(N = > Na(NE)Y = > Na(NEY + > Na(Ny)
JEN—a JECG\i JEC\i
since a (N) € OV (N)

= Na(N)'+ Y Na(NY+ Y Ma(Ny

FEC,\i jEN—1

= > Na(N[;y = Y Na(NL)Y + Y Ma(N|,)".

JEN—a JEC\i JECG\i

The terms above the brackets are equal because a(N)? = a(N|;)? for all
j € N~% (Proposition 3)

Cyl Na(N) = Na(N)' + > Na(NY = Y Na(N[) + Y Na(N|)
JECG\i JECG\i JECG\i
by (C.2)

= XNa(N)'+ > Na(N)y

JEC\i

— 7 N [pa(N) + (1 - pa(N\i)]

JEC\1

+ 3 N [pa(N) + (1 - p)a(N\j)]

JEC\1

we add and subtract 3. Aa(N)" and gather terms to obtain:

JEC\i
Z)\ia(N)i—l—(l—p) Z Ma(N)?
Jj€C, JECG\i
—p) 3 NaW\iy — (1—p) 3 Na(N) +(1-p) 3 Na(N\j)
JEC\i JEC\i JEC\i

This first term is |Cy|A\'a(N). So, the rest of the terms must equal zero.
Dividing by (1 — p), we obtain property (B.3) when S = N and Ay = A.1
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5.4 Proof of Proposition 5

Given (a (S, i>iES)ScN set of proposals, we define the vector ¢ (S,i) € RY with
S C N and i€ Cy € Cs as follows:

c(Si)=- ¥ a(s)

el |

c(S,i)) =|Csla(S\i)) = > a(S7") forall je C)\i (5)
4 4 Crecz®

c(8,i)) =a (S~ for all j € S74.

We consider the following property:

(A.5) For any (a (S’i)iES)ScN set of proposals satisfying (C.1), (C.2), and

(C.3), we have that, for every S C N and i € C; € Cg, the vector ¢ (S, 1)
belongs to V (.9).

Lemma 16 Property (A.5) is satisfied by zero-monotonic TU games and pure
bargaining problems with coalition structure.

Proof. Let (N,v,C) be a zero-monotonic TU game with coalition structure.
Let (a(S,7))gcn.ics be a set of proposals satisfying (C.1), (C.2) and (C.3). By
Proposition 4, we know that a (S) = ¢g for all S C N.

We use the next result, proven by Vidal-Puga and Bergantifios (2003). Given
S C N andieC)€Cs,

dodh> D ok +ol).

jecy JECI\i

By normalization, v (i) > 0 and thus

Sk Y el (6)

jecy JECING

Now, by (B.2),

> e(s,iy

Do ICslopt Do | D0k D dh

Jjes JECH\i Crecg? \JeC; JEC,
_ j j j
= D Cslop+ X Dok D ok

jEC\i creczt \JEC jecy
_ j j j
= Csl| D o= D k| +D ok
jeci\i jecy jes
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by (6), .
<D ds=v(5),
JES
which means that (A.5) holds for (N,v,C).

Assume now that (N, V,C) is a pure bargaining problem with coalition struc-
ture. We first prove by induction that, for S ¢ N, a(S) = r°. By (C.1), the
result is trivial for n = 1. Assume that a (T) = rT for all T & S. Then, given
i€ CyeCs,

o by (C.2), a(S,i) = pa(S) + (1—p) [ICs|r7 = X 7| = pa(S) +
Crecg?

(1—p)r? for all j € C/\i;
e by (C.3), a(S,i) = pa(S) + (1 — p)ri for all j € S,

Thus, a (5,4) coincides with pa (S)+(1 — p) r in all coordinates but (at most)
the ith. Moreover, both a(S) and r belong to V (S), and so does pa (S) +
(1—p)r. Thus, by (C.1), a(S,i)" > pa(S)" + (1 —p)ri. By averaging over
i, we have a(S)" > pa(S)" + (1 —p)r® and thus a(S)" > r’. We have then
a(S) > r9. Since ¥ € OV (S) and a (S) € V (S), we conclude that a (S) = 5.

Now, we have

c(S,i) = (— (Ic) — l)ri,rs\i) .

By (A.4), 7" > 0 and thus ¢(S,7) < (O,T'S\i). By monotonicity, (O,T’S\i) €
V (S). By comprehensiveness, ¢ (S,i) € V (S). m
We prove now Proposition 5. We prove the following stronger result:

Proposition 5’ The proposals in any equilibrium of an NTU game satisfying
(A.5) are characterized by (C.1), (C.2) and (C.8). Moreover, all the proposals
are accepted and a(S) > 0% for all S C N.

We proceed by induction. The result holds trivially when n = 1. Assume
that it is true when there are at most n — 1 players.

Assume we are in an equilibrium. By induction hypothesis, the expected
payoff for the players in S ¢ N in any equilibrium with S as set of active
players is a (S). Let by € RY be the expected payoff when N is the set of active
players. We must prove that (C.1), (C.2), and (C.3) hold for S = N.

We proceed by a series of Claims:

Claim (A): Given Cy, € C in the second stage, assume the proposers
are determined by v € I' and the r.p. is 7,. Then, all players in
N~ accept 7,’s proposal if a (N, ’yq)z > pb% + (1 —p)a(N~9)" for
every ¢ € N~%. Otherwise, the proposal is rejected.
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Notice that, in the case of rejection in the second stage, the expected payoff
of a player i € N~%is, by induction hypothesis, pb%; + (1 — p)a(N 7). Thus,
by a standard argument in this kind of bargaining, and making use of the tie-
breaking rule, we conclude the result.

Claim (B): Let v € T be the correspondence which determines the
set of proposers in the first stage. Given C; € C, assume we are
in the subgame which begins after player v, makes his proposal.
Assume also that all the coalitions which choose representative after
C, are bound to choose their proposer as representative should v,’s
proposal be accepted. Let bNﬁq be the expected final payoff in
equilibrium if ,’s proposal is accepted. Then, all players in C'q\’yq
accept 7,’s proposal if bﬁ'\mq > pbiy + (1—p)a (N\’yq)l for every
i € Cy\7y,- Otherwise, the proposal is rejected.

Notice that, under our hypothesis, in the case of rejection of v,’s proposal in
the first stage, the expected payoff to a player i € Cg\v, is pbly+(1—p)a(N\v,)".
By similar arguments to those used in the proof of Claim (A), we prove the
result.

Claim (C): All the offers in the first stage are accepted.

Assume coalitions play the first stage in the order (C1, Ca, ..., Cp) and that
the mechanism reaches coalition Cp, i.e. there has been no previous rejection.
Assume the proposal of v, is rejected. This means the final payoff for player v,
is pb}y\}”.

We define a new proposal a (N, ~,,) for player v, as follows: Let ¢ (N,~,) be
defined as in (5). By (A.5) and induction hypothesis, ¢ (N,v,) € V (N). By con-
vexity, pby 4 (1 = p) ¢ (N,7,) € V(N). Let a (N,7,) = pbn+(1 — p) ¢ (N,7,).

In case of rejection, the expected final payoff for any player i € Cy\v, is
pbiy + (1= p)a (N\y,)"

If all players in Cp\'yp accept a (N , 'yp) and the proposal chosen in the sec-
ond stage is from C, # Cp, then any player i € Cp,\y, can obtain pby +
(1—p)a(N~")" by rejecting it. If the proposal chosen in the second stage is
from Cp, then it is accepted (by Claim (A)).

Thus, if all players in C,\7,, accept a (N , 7;))7 their expected final payoff is
at least

1 Cp\ —m\Cp 1 Cyp
E Z [pr e +(I=p)a(N7T) \WP] —|—ma (N,’yp) VT
Crec-»
c c
_ prp\vp +(1-pa (N\W’p) P\Tp
Thus, by the tie-breaking rule, it is optimal for players in C,\7,, to accept
a (N,7,). Furthermore, the expected final payoff for player v, is not less than
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pby\}”. So, by the tie-breaking rule, it is optimal for 7, to change his proposal to
a (N , 7p). This contradiction proves that no proposals are rejected in the first
stage in C},. By going backwards, we prove that no proposal is rejected in the
first stage in Cp_1, ..., Ch.

Claim (D): All the offers in the second stage are accepted.

Suppose the proposal of v, is bound to be rejected in the second stage.
Then, the final payoff for the members of C; (including v,) is 0 with probability

ﬁ > 0. By Claim (B), we know that bf\,ﬁq > pbly + (1—p)a (N\fyq)Z for all
i€ Cq\'yq. Assume that v, changes his strategy and proposes

a(N,v,) = (OCq,pb]]yq +(1-pa (N*q)Niq) .

By convexity and monotonicity, a (N, 'yq) € V(N). By Claim (A), this
proposal is bound to be accepted should 7, be the r.p. in the second stage.
However, bNﬁq remains unaltered. So, by Claim (B), a (N , 'yq) is also accepted
in the first stage. Moreover, the expected final payoff for v, also remains the
same. By the tie-breaking rule, we are not in an equilibrium. This contradiction
proves that the proposals in the second stage are always accepted.

Since all the proposals are accepted, we can assure that by = a(N) and
by =a(N|;) for all i € N.

We show now (C.1), (C.2), and (C.3) hold.

Suppose (C.1) does not hold, i.e., there exists a player i € C, such that
a(N, 1) is not Pareto optimal. Thus, a(N, i) belongs to the interior of V(N); so,
there exists £ > 0 such that d := a(N, ) + (g,0N\") € V(N).

Notice that, since the proposal a(N,i) of player i is accepted, by Claim (B),
together with Claim (C) and Claim (D), we know that a(N|;)7 > pb) + (1 —
p)a(N\i) for every j € C,\i and, by Claim (A), a(N, i) > pbh+(1—p)a(N~1)
for every j € N79. So, if player ¢ changes his proposal to d, it is bound

to be accepted and his expected final payoff improves by > 0. This

ICl1Cq]
contradiction proves (C.1).

Suppose (C.2) does not hold. Let jo € C,\i be a player such that a(N|;)7 =
pa (N)Y° + (1 = p)a(N\i)’® + a with a # 0. By Claim (B), o > 0.

By comprehensiveness and nonlevelness, we have a(N,14) — (|C | a, OV \jo) be-
longs to the interior of V(IN). Thus, there exists an ¢ > 0 such that

a(N,1) = a(N,1) = (1|, 0NV ) + (¢,0M)

belongs to V(N). Suppose player i changes his proposal to a(N,7). The new
value a(N|;) satisfies the conditions of Claim (A) and Claim (B), and thus the
new proposal of player i is due to be accepted. Also, player i improves his

5
> 0. This contradiction proves (C.2).
ICl1Cq]

expected payoff by
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The reasoning for (C.3) is similar to that for (C.2) so we omit it.

It remains to show that a (N) > 0. Notice that player ¢ € N can guaran-
tee himself a payoff of at least 0 by proposing always 0V and accepting only
proposals which give him a nonnegative expected payoff. Thus, a (V) > 0.

Conversely, we show that proposals (a(S,);es)scn satisfying (C.1), (C.2)
and (C.3) can be supported as an equilibrium.

First, we prove that a (S) > 0 for all S C N. By induction hypothesis, this
is true for any S & N. Given i € C; € C, by (A.5), we have ¢(N,i) € V (N).
By convexity, ¢(N,4) := pa (N)+ (1 — p)c(N,i) € V(N).

Since a (N, 1) satisfies (C.2) and (C.3), by Proposition 2, a (N, i) also satisfies
(C.2). Then, a (N, i)N\i =¢(N, i)N\i. We now conclude that a (N,4) > ¢ (N, 1)
because a (N,i) € OV (N) and ¢(N,i) € V (N). Hence,

a(N,i) 2E(N,i) =pa(N)' = (1-p) > a(NT")".
CreC—a

So, by (C.3), a(N|;)" = pa (N)". ‘ ‘
Furthermore, by (C.2) and a (N\j) > 0, we have a (N|;)" > pa (N)" for all
j € Cy\i. Thus,

i 1 i 1 i i
AV = 2 S a (V) 2 e Y pa (M) = pa ()
(AP Gl 2
q q
and so a (N)" > 0. Moreover,
a(NJ;)' > pa(N)' > 0.

Now, following a similar reasoning to that in Proposition 1 in H&M, it is
straighforward to verify that the strategies corresponding to these proposals
form an equilibrium.l

5.5 Proof of Proposition 9

We prove the following stronger result:

Proposition 9’ Let (N,V,C) be an NTU game with coalition structure sat-
isfying (A.5). Then, for each p € [0,1), there exists an equilibrium.

By Proposition 5’, we only need to prove that there exist proposals satisfying
(C.1), (C.2), and (C.3). We proceed by induction on the number of players.
Clearly, the result is true for n = 1. Assume now that we have a (S, 1) for each
S C N and each i € S satisfying (C.1), (C.2), and (C.3) when S & N. By
Proposition 5°, a (S) > 0 for all S ¢ N.
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For each i € C; € C, by property (A.5), the vector ¢ (N, 1) belongs to V/(NV).

By property (A.2), there exists a unique z; € dV(N) such that z] = ¢ (N, i) for
all j € N\i. We define

By :=min{a’(S):i€ SC N} eR
By :=min{z}:i,j € N} €R

5 = mln(ﬁlvﬁ?) S R
K:={zeV(N):z>(6,...0)}.

This set K is nonempty (z; € K for all i € N), closed (because V(N)is
closed) and bounded (by (A.1)). Thus, K is a compact set. Furthermore, K is
convex (because V(NN)is convex). _

We define n functions «; : K — K as follows. Given i € C, € C, o] () :=
pr? + (1 — p)c (N, i) for each j € N\i and «! (x) is defined in such a way that
a; (z) € OV (N).

These functions are well defined, because y; := pz + (1 — p)z; belongs to K
(by convexity) and «;(x) equals y; in all coordinates but #’s, which we increase
until reaching the boundary of V().

Also, because of the smoothness of property (A.2) the functions «; are con-
tinuous. By the convexity of the domain, L > —— > ai(z) € K for each

IClcéclCalie,
z € K. By a standard ﬁX point theorem, there exists a vector a(N) € K

satisfying a(N) = \C| Z |C’ ‘260 ai(a(N)).

We define a (N,i) = «; (a(N)) for each ¢ € N. It is trivial to see that
(a(N,i));cn satisfies (C.1), (C.27), and (C.3). By Proposition 2, (a (N,7)),cy
also satisfies (C.2).H

5.6 Proof of Theorem 10

Notice that the consistent coalitional value coincides with the Owen value in TU
games with coalition structure. We prove then the following stronger result:

Theorem 10’ Let (N,V,C) be a hyperplane game with coalition structure
satisfying (A.5). Then, for each p € [0,1), there exists a unique equilibrium.
Furthermore, the equilibrium payoff configuration equals the unique consistent
coalitional payoff configuration of (N,V,C).

Theorem 10’ is an immediate consequence of Proposition 4’, 5’ and 9’.1
5.7 Proof of Theorem 12

We prove the following stronger result:

Theorem 12° Let (N,V,C) be an NTU game with coalition structure sat-
isfying (A.5). If a, = (a,(9))gcn @8 an equilibrium payoff configuration for

22



each p and a is the limit of a, when p — 1, then a is a consistent coalitional
payoff configuration of (N,V,C).

By Bergantifios and Vidal-Puga (2002), it is enough to prove that a =
(a(S))scn satisfies (B.1), (B.2), and (B.3). By Corollary 8, a,(S,i) — a(S5)
for any i € S C N. Since a,(S,1) € OV (S) for every S C N and every p € [0, 1),
and OV (9) is closed, we conclude that a(S) € 9V (S) for every S C N. Thus,
a satisfies property (B.1) of the characterization of the consistent coalitional
payoff configuration.

Let Ag be the orthogonal to 9V (S) unit length vector at a(.S) for each S C N.
We associate to each p a hyperplane game with coalition structure (N, V,,C) as
follows:

Given p € [0,1) and S C N with |S|elements, there exists at least one
hyperplane on R containing the |S| points {a,(S,4) : i € S}. If there are more
than one hyperplane, we take the one whose outward orthogonal unit length
vector Ag(p) is the closest to Ag.

We define:

V,o(S) == {xGRS:)\S(p)~x§)\g(p)~ap(5,i),i65}.

The half-space V, (S) is well defined because Ag (p) - a, (S,7) = Ag(p) -
a,(S,j) forall 4,5 € S.

By Corollary 8, a,(S,i) — a(S). By the smoothness of OV (S), As(p) — As.
Therefore,

V,(S) = V'(S):=={z eR% : Ag -z < Ag-a(S)}.

By Proposition 57, the proposals {a,(S,4) : S C N,i € S} satisfy (C.1), (C.2),
and (C.3) for (IV,V,C). But these properties are the same for (IV,V),,C). Thus,
by Proposition 5’, a, is an equilibrium payoff configuration for (N,V,,C). By
Theorem 10’, this implies that a, is the only consistent coalitional payoff con-
figuration for (N, V), C).

Hence, each a, satisfies properties (B.1), (B.2), and (B.3) for vectors Ag (p).
By the continuity of the marginal contributions with respect to the hyperplanes,
the vector a satisfies (B.1), (B.2), and (B.3). Hence, we conclude (by the defin-
ition of ®) that a is a consistent coalitional payoff configuration of (N,V,C) .1
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