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Abstract

We study minimum cost spanning tree problems with groups, where
agents are located in different villages, cities, etc. The groups are the
agents of the same village. In Bergantinos and Gémez-Rua (2009,
Economic Theory) we define the rule F' as the Owen value of the
irreducible game with groups and we prove that F' generalizes the
folk rule of minimum cost spanning tree problems. Bergantinos and
Vidal-Puga (2007, Journal of Economic Theory) give two character-
izations of the folk rule. In the first one they characterize it as the
unique rule satisfying solidarity, population monotonicity and equal
share of extra costs. In the second characterization of the folk rule
they replace solidarity by independence of irrelevant trees and pop-
ulation monotonicity by separability. In this paper we extend such
characterizations to our setting. Some of the properties are the same
(solidarity and independence of irrelevant trees) and the other need to
be adapted. In general, we do it by claiming the property twice: once
among the groups and the other among the agents inside the same
group.
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1 Introduction

In minimum cost spanning tree problems, mcstp, a group of agents want
to be connected to a single supplier of some service. Usually, agents can
reduce the total cost if some agents connect to the supplier through other
agents. The cheapest graph connecting all agents to the supplier is called
the minimum cost spanning tree, mt. It is assumed that agents construct an
mt. Now a cost allocation problem arises. The most relevant question is how
to divide the cost of the mt among the agents.

The most popular way for answering this question is through the ax-
iomatic characterization of a single rule (see for instance, Kar (2002), Dutta
and Kar (2004), and Branzei el al (2004)) or a family of rules (see for in-
stance, Bergantinos et al (2009), Bogomolnaia and Moulin (2008), and Chun
and Lee (2009)).

Sometimes agents are located in different villages (see for instance, Dutta
and Kar (2004) or Bergantinos and Lorenzo (2004, 2005, 2008)). This means,
in terms of the cost matrix, that the connection cost between two agents of the
same village is not larger than the connection cost between an agent of this
village and an agent from other village. The classical model of mecstp includes
these situations. Nevertheless, it ignores the fact that some group of agents
are located in the same village. In Bergantinos and Gémez-Ria (2009) we
introduce a new class of problems which includes this fact in the model.
We do it by considering an extra element in the model, namely a partition
G = {G*,...,G™} of the set of agents N. For each k = 1,...,m, G* represents
the group of agents located in the same village, city, ... We call these problems
mestp with groups.

A very well-known rule in mestp is the folk rule. It was introduced
in Feltkamp et al. (1994) and studied later in further papers, for instance
Branzei et al. (2004) and Bergantinos and Vidal-Puga (2007a, 2007b, 2009).
The folk rule can be defined in different ways, for instance, through Kruskal “s
algorithm or as the Shapley value of the irreducible game or the optimistic
game. In Bergantinos and Gémez-Riia (2009) we define the rule F' in mestp
with groups as the Owen value (Owen, 1977) of the irreducible game with
groups. Since the Owen value generalizes the Shapley value, F' coincides with
the folk rule in classical mestp.

Bergantifios and Vidal-Puga (2009) give an axiomatic characterization of
the folk rule. In Bergantinos and Gémez-Ria (2009) we extend it to mcstp
with groups. Some of the properties are the same and other need to be



adapted. We do it by claiming the property twice: once among the groups
and the other among the agents inside the same group. Let us clarify this idea
with the property of population monotonicity (PM) . In classical mestp PM
says that if a new agent joins the society, no agent of the initial society can
be worse off. In mcstp with groups PM is divided in two parts: Population
monotonicity over groups (PMG) and population monotonicity over agents
(PMA). PMG says that if a new group joins the society, no agent of the
initial society can be worse off. PM A says that if agent ¢ enters in group
G*, no agent of group G* can be worse off. Moreover, if the connection costs
between group G* and the other groups do not change, agents of the other
groups must pay the same.

Bergantinos and Vidal-Puga (2007a) give two characterizations of the
folk rule. In the first one they prove that the folk rule is the unique rule
satisfying solidarity (SOL), PM, and equal share of extra costs (ESEC).
SOL states that if a network connection cost increases, no agent should pay
less. The idea behind ESEC' is the following: consider a problem where the
most expensive connection cost for any agent is the cost of connecting to the
source. Moreover, the connection cost to the source is the same for all agents.
If we assume that this connection cost increases by x > 0, then ESFEC states
that if agent 7 pays f; in the original problem, he must pay f; + £ when the
cost increases (where n is the set of agents). In the second characterization
of the folk rule they replace SOL by independence of irrelevant trees (I17)
and PM by separability (SEP). I1T states that if two mcstp have the same
mt with the same costs in each arc belonging to, then the rule must coincide
in both mestp. Assuming that two subsets of agents, S and N\S, can be
connected to the source either separately or jointly, SE P states that if there
are no savings when they are jointly connected to the source, then agents
will pay the same in both circumstances.

In this paper we present two characterizations of the rule F' in mcstp
with groups, generalizing the results of Bergantinos and Vidal-Puga (2007a).
We first adapt the properties to mestp with groups. SOL and IIT do not
need to be adapted (both properties make sense when there are groups).
ESEC is replaced by coalitional sharing of extra costs (C'SEC). Under the
hypothesis of ESEC, C'SEC states that the groups should share this extra
cost x equally among them. Moreover, the extra cost assigned to each group
should be shared equally among the agents of this group. PM is divided in
two properties PMG and PM A, as in Bergantinos and Gémez-Rua (2009).
Finally, SEP is also divided in two properties: separability among groups
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(SEPG) and separability among agents (SEPA) .

The results establish that F' is the unique rule in mestp with groups
satisfying SOL, PM A, PMG, and C'SEC. We also prove that I is the unique
rule in mestp with groups satisfying [T, SEPA, SEPG, and CSEC; and
finally we obtain that the properties used in both results are independent.

The paper is organized as follows. In Section 2 we introduce mcstp. In
Section 3 we introduce mcstp with groups and several properties. In Section
4 we present, our results.

2 The Problem

Let N = {1,2, ...} be the set of all possible agents. Given a finite set N C N,
let I be the set of all permutations over N. Given 7 € Iy, let Pre (i,7)
denote the set of elements of N which come before i in the order given by 7,
i.e., Pre(i,m)={j e N:7m(j) <nm(i)}.

We are interested in networks whose nodes are elements of a set Ny =
N U {0}, where N C N is finite and 0 is a special node called the source.
Usually we take N = {1,...,n}.

A cost matriv C' = (cij), jey, o0 IV represents the cost of direct link
between any pair of nodes. We assume that c;; = ¢;; > 0 for each 4,5 € Ny
and c¢;; = 0 for each 7 € Ny. Since ¢;; = ¢j; we work with undirected arcs, i.e.
(i.9) = ().

We denote the set of all cost matrices over N as CV. Given C, C' € CV
we say C' < (" if ¢;; < c;j for all i, j € Nj.

A minimum cost spanning tree problem, briefly an mestp, is a pair (Ny, C')
where N C N is a finite set of agents, 0 is the source, and C' € C¥ is the
cost matrix.

Given an mestp (Ny, C), we define the mestp induced by C'in S C N as
(So, C).

A network g over Ny is a subset of {(7, ) : 4,5 € Ny, i # j}. The elements
of g are called arcs. Given a network g over Ny and S C Ny we denote
by gs the network induced by ¢ among the elements of S. Namely, g5 =
{(i,j) e g {i,j} C S}

Given a network g and a pair of nodes ¢ and j, a path from i to j in g
is a sequence of different arcs {(iy_1,%)},_, satisfying (in_1,i) € g for all
he{l,2,..,10}, i=1ipand j =i

A tree is a network such that for all i € N there is a unique path from 7 to



the source. If ¢ is a tree, we usually write t = {(i°,7)},. 5y where i® represents
the first agent in the unique path in ¢ from 7 to 0.

Let GV denote the set of all networks over Ny. Let G denote the set of
all networks where every agent ¢ € N is connected to the source, i.e. there
exists a path from 7 to 0 in the network.

Given an mestp (Ny, C) and g € GV, we define the cost associated with

g as
NOaC g Z Czj

(i,)€g

When there is no ambiguity, we write ¢ (g) or ¢ (C, g) instead of ¢ (Ny, C, g).
An minimum cost spanning tree for (Ng,C), briefly an mt, is a tree t

over Ny such that ¢ () = min ¢ (g). It is well-known that an m# exists, even
gego

though it is not necessarily unique. Given an mestp (Ng, C'), we denote the
cost associated with any mt as m (Ny, C).

Given an mestp, Prim (1957) provides an algorithm for solving the prob-
lem of connecting all agents to the source such that the total cost of creating
the network is minimal. The idea of this algorithm is simple: starting from
the source we construct a network by sequentially adding arcs with the lowest
cost and without introducing cycles.

Formally, Prim’s algorithm is defined as follows. We start with S° = {0}
and ¢° = 0.

Stage 1: Take an arc (0,4;) such that co;, = 1;%1]51 {co;}. If there are

several arcs satisfying this condition, select just one. Now, S' = {0,4;} and
g' ={(0,i1)}.

Stage p + 1: Assume that we have defined SP C Ny and ¢? € GV. We
now define SP™ and ¢!, Take an arc (i0,,,ip41) with i, € S” and

7 € Ny\SP such that ¢ = min ci b. If there are several
p+1 0\ 0, ipi 7 {cu}

arcs satisfying this condition, select just one. Now, SP™! = SP U {i,,;} and
9" = " U{ (i1, ipia) }-

This process is completed in n stages. We say that ¢" is a tree obtained
following Prim’s algorithm. Notice that this algorithm leads to a tree, but
this is not always unique.

Given a tree t, we define the predecessor set of anode i in t as Pre(i, t) =
{j € Ny : j is in the unique path from i to the source}. We assume that
i & Pre(i,t) and 0 € Pre(i,t) when ¢ # 0. For notational convenience,
Pre(0,t) = 0. The distance from node i to the source in ¢ is the cardinality



of Pre(i,t). The immediate predecessor of agent i in ¢, denoted as i°, is the
node that comes immediately before 7, that is, i° € Pre(i,t) and k € Pre(i,t)
implies either £ = i° or k € Pre(i% t). Note that Pre(i°,t) C Pre(i,t) and
Pre(i,t)\Pre(i® t) = {i°}. The follower set of an agent i in t is the set
Fol(i,t) ={j € N :i € Pre(j,t)}.

Given an mcstp (No,C') and an mt t, Bird (1976) defined the minimal

network (Ny, C") associated with ¢ as follows: cﬁj = (kml)aX {cu}, where gy
W)EGij

denotes the unique path in ¢ from 7 to j. Even though g¢,; depends on the
choice of t, cﬁj is independent of the chosen t. Proof of this can be found, for
instance, in Aarts and Driessen (1993).

The irreducible form of an mestp (Ng, C') is defined as the minimal net-
work (Ng, C*) associated with a particular mt t. If (Ny, C*) is an irreducible
form, we say that C* is an irreducible matriz.

A coalitional game with transferable utility, briefly a TU game, is a pair
(N,v) where v : 2¥ — R satisfies v (&) = 0. Sh (NN, v) denotes the Shapley
value (Shapley, 1953) of (IV,v).

For each mcstp (Ny,C'). Bird (1976) introduces the TU game (N, vc).
For each coalition S C N,

(Yo} (S) =m (So, C) .

One of the most important issues addressed in the literature about mcstp
is how to divide the cost of connecting agents to the source between them.
We now briefly introduce some of the rules studied in the literature.

A (cost allocation) rule is a function f such that f(Ny,C) € RY and
> fi (No, C) = m (Ny, C) for each mestp (No, C'). As usual, f; (Ny, C) rep-
iEN
reesents the cost allocated to agent 1.

Notice that we implicitly assume that the agents build an mt. As far as
we know, all the rules proposed in the literature make this assumption.

There are several rules studied in the literature. We mention, for instance,
the rules studied in Bird (1976), Kar (2002), and Dutta and Kar (2004). In
this paper the rule introduced by Feltkamp et al. (1994) and called Equal
Remaining Obligations rule (ERO) will be very important. ERO is called
the P — value in Branzei et al. (2004).

On the other hand, in Bergantifios and Vidal-Puga (2007a) the rule ¢ is
defined as

© (No, C) = Sh (N, ve~)



where C* is the irreducible matrix associated with C'. Surprisingly ¢ co-
incides with K RO, a proof can be found, for instance, in Bergantinos and
Lorenzo-Freire (2008). This rule is also studied in Bergantinos and Vidal-
Puga (2007b, 2009). We call folk rule to this rule.
We now present some properties introduced in the literature of the mecstp.
Population Monotonicity (PM): For all mestp (No, C), S C N,andi € S,
we have

¢i (NOa C) < wz (SOv C) :

This property implies that if new agents join a "society" no agent from
the "initial society" can be worse off.

Separability (SEP): For all mestp (N, C) and S C N satisfying m(Ny, C) =
m(So, C) +m((IN\S)o, C), we have

[ £(S,0) ifies
i (Mo, ) = { fi((N\S),C) ifi € N\S.

Two subsets of agents, S and N\ S, can be connected to the source either
separately or jointly. If there are no savings when they are jointly connected
to the source, this property implies that agents will pay the same in both
circumstances.

Notice that if a rule f satisfies PM, then also satisfies SEP.

Solidarity (SOL): For all mestp (Ny, C') and (N, C") such that C < ',
we have

w <N07O) S w(N07C/) .

This property implies that if a number of connection costs increase and
the rest of connection costs (if any) remain the same, no agent can be better
off. Notice that SOL demands agents’ contribution to move in the same
direction irrespective of their locations on minimum cost spanning trees.

We say that two mcstp (N, C) and (N, C") are tree-equivalent if there
exists a tree ¢ such that, firstly, ¢ is an mt for both (N, C') and (Ny, C’) and
secondly, ¢;; = c; for all (i, j) € t.

Independence of irrelevant trees (IIT): If two mestp (Ny, C) and (Ng, C")
are tree-equivalent,

f(No, C) = f(No,C").



I1IT states that if two mecstp have the same mt with the same costs in
each arc belonging to, then the rule must coincide in both mcstp.

Bergantinios and Vidal-Puga (2007a) prove that if a rule f satisfies SOL,
then also satisfies IIT.

Equal sharing of extra costs (ESEC): Let (No,C) and (Np,C") be two
mestp. Let co, ¢y > 0. Assuming co; = ¢ and ¢f; = ¢ for all i € N, ¢y < ¢,
and ¢;; = ¢j; < ¢o for all 4,j € N, we have

fi (No,C") = fi (N, C) + % — %

for all € N.

This property is interpreted as follows: a group of agents N faces a prob-
lem (Ny, C) in which all of them have the same connection cost to the source
(cio = ¢o) and in which this cost is greater than the connection costs between
agents (¢;; < ¢g). Under these circumstances, an optimal network implies
that any one agent connects directly to the source, and that the rest connect
to the source through this agent. Moreover, they agree that the correct so-
lution is f (Ng, C'). Assume that an error was made and that the connection
cost to the source is ¢ > ¢y. ESEC states that the agents should share this
extra cost ¢ — ¢g equally among them.

Bergantinos and Vidal-Puga (2007a) give the following characterizations
of the folk solution ¢.

Theorem O:

(a) ¢ is the unique rule on mestp satisfying II'T, SEP, and ESEC.

(b) ¢ is the unique rule on mestp satisfying SOL, PM, and ESEC.

In Lemma 0 below we present some results used in the paper. The proof
can be found in Bergantinos and Gémez-Ria, 2009 and in Bergantinos and
Vidal-Puga (2007a, 2007b, 2009).

Lemma 0. (a) Given (Ny, C, G) we can find an mt ¢ in (Ny, C') satisfying:

(1) For each k = 1,...,m, tgr is an mt in (Gk, C) .

(i) t\ (U tGk> defined as {(k, k') : Ji € G*,j € G¥ with (i, j) € t}
k=1

is an mt in (GO, C’G) .
(ii7) For each k = 1,....,m and each i € G*, t5, U {(0,7)} is an mt
in (GE, C¥).



(b) If C' is an irreducible matrix, then for all S C N and ¢ ¢ S we have
that

ve (SU{i}) —vo (§) = min {c;} -

3 Minimum cost spanning tree problems with
groups

In Bergantinos and Gémez-Ria (2009) we introduce the minimum cost span-
ning tree problems with groups. An mestp with groups is a triple (Ny, C, G)
where (Ny, C) is an mestp, G = {G?, ..., G™} is a partition of N and for each
k=1,..m

1< i 1
z‘?eaci(k tegh < ieGkTgI'lelJr\lfo\Gk te)

A rule in mestp with groups is a function f such that f (Ny, C,G) € RY
and > fi (No, C,G) = m (Ng, C) for each mestp (N, C).

iEN

A: in classical mcstp, the main objective is to divide the cost associated
with an mt among the agents in a fair way.

In Bergantinos and Gémez-Ruia (2009) we introduce a rule, F' as the
unique in mestp with groups satisfying a set of properties. The rule is defined
as follows: we first give the intuitive idea. This rule can be considered as
a two step rule. In the first step, we compute the amount that each group
should pay in order to be connected to the source. We do this by applying
the rule ¢ defined in Bergantifios and Vidal-Puga (2007a).

In the second step we decide the amount that each agent of each group
has to pay. For each group G*, we consider the mecstp inside each group
(G’g , C"P) . In this mestp, the connection cost between two agents of G¥ is
the same as in C' but the connection cost between any agent of G¥ and the
source is the amount computed for G* in the first step.

We now present the definition formally. Given the mestp with groups
(No, C, G) we define the mcstp among groups (GO, C’G) as follows:

o Go={G" G, ...,G™} where G = 0. In order to simplify the notation,
often we use k instead of G*.



e (€ is the cost matrix and for each G¥, G¥ € G, the connection cost
between G* and G¥ is denoted by

¢ = min  {c;}.

ieGk jeGF
Let (No, C,G) be an mcstp with groups. For each i € G¥,
Fi (NOJ C7 G) =¥ (G187 Cﬂp)

where

P CT if 0¢ {J,)'}
i’ i, (Go,C%) if 0 € {j,5'} .

In this paper we follow the axiomatic approach and we present two ax-
iomatic characterizations for the rule F'. Our idea is to generalize the ax-
iomatic characterizations of the folk rule ¢ given by Bergantinos and Vidal-
Puga (2007a) and presented in Theorem 0.

In order to obtain these axiomatic approach, we now adapt these prop-
erties to mestp with groups.

SOL and IIT can be formulated in a similar way. PM, SEP, and CSEC
should be adapted. The main idea for adapting PM and SEP is claiming
both twice, once among the groups and other among agents inside the same
group. C'SEC' is adapted in a different way explained below.

Bergantinos and Gémez-Rua (2009) introduce the following properties by
adapting PM.

Population monotonicity over groups (PMG@G): For all mestp with groups
(No,C,G), all GF € G, and all i € N\G*,

fi(No, C,G) < f; (N\G*),,,C,G\G") .

The population monotonicity over agents will show what happens when
an agent enters in a group. We claim that no agent of the initial group can
be worse off.

Assume that after the entrance of agent i in group G* the minimum
connection cost between group G* and the rest of the groups did not change,

i.e., for each G € Go\ {G*}, min {c;#} = min ciir} . Since we
A G jeGk,j'eGl{ i} jeGk\{i},j’eGl{ i}
are assuming that the amount paid by a group should not depend on the

internal characteristics of the other groups, and the entrance of agent ¢ do
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not change the connection cost among groups, we claim that agents of the
others groups must pay the same.
Population monotonicity over agents (PMA): For all mestp with groups
(No, C,G), all G* € G, and all i € G* such that G*\ {i} # &,
£ (N0, €, G) < f5 (N\{i}),, C.G") i j € G\ {i}.
Moreover, if for each G' € G\ {G*} ’je(?lk,ijr'lecl {c;ii} = jeck@i}r,lj'e(;l {cj},
then |
fi (No,C,G) = f; (N\{i}),, C,G™") if j € N\G".

We now define two properties of separability.
Separability among groups (SEPG). For all mestp (No, C,G) and R C G
satisfying m (Ny,C) = m ((UkeRGk)O , C’) +m ((Uk¢RGk)O , C), we have

fi (UkGRGk)o’Q{{Gk}}keR if i € UrerG"
fi ((UkgrG®) o, C.{{G"} }1yp) 10 € N\ Uper G*.

This property ensures the following: two subsets of groups R and G\R
can be connected to the source either separately or jointly. If there is no
savings when they are jointly connected to the source, this property implies
that agents in each group will pay the same in both circumstances.

fi (N(), C, G) -

Separability among agents (SEPA). For all mestp (No, C,{N}) and S C
N satisfying m (Ny, C) = m (Sp,C) + m ((N '\ 5),,C), we have

| fi (S0, C{S}) ifieS
JilNo. C.ANY) = { fi (N\S),,C,{N\S}) ifie N\S.

Assume that there is a unique group. Two subsets of agents S and N\S
can be connected to the source either separately or jointly. If there is no
savings when they are jointly connected to the source, this property implies
that agents will pay the same in both circumstances.

Finally, we adapt ESEC to mcstp with groups.

Coalitional sharing of extra costs (CSEC): Let (Ny, C,G) and (Ny, C’, G)
be two mestp with groups. Let ¢, ¢ > 0. Assume that cy; = ¢ and ¢, = ¢,
foralli € N, co < cp, and ¢;; = ¢j; < ¢ for all i, j € N. For each i € GFed

¢y — Co

m |G|

fi (No, Cl, G) - fl (No, C, G) +
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CSEC states that when an extra cost appears, ¢, — co, the groups should
share this extra cost equally among them. Moreover, the extra cost assigned
to each group should be shared equally among the agents of this group.

4 Characterization

In this section we generalize the results presented in Theorem 0 (Bergantinos
and Vidal-Puga, 2007a) to mcstp with groups, using the properties presented
in the previous section. We obtain two characterization results for the rule
F introduced in Bergantinos and Gémez-Ria (2009).

Theorem 1. (a) F is the unique rule satisfying IIT, SEPG, SEPA, and
CSEC.
(b) F is the unique rule satisfying SOL, PMG, PMA, and CSEC.

Proof of Theorem 1. We first prove that I’ satisfies all the properties
mentioned above. Bergantinos and Gémez-Ria (2009) prove that F' satisfies
PMG and PMA. The other properties are a consequence of the following
claims:

Claim 1. F' satisfies SOL.

Proof of Claim 1. Let (Ny,C,G) and (Ny,C’, G) such that C < C".
Consider the problems among coalitions, (Go, C%) and (Gy, C'“). By defin-
ition of C% and C'%, we have that ¢, < ¢§, for all G*,G* € Gj. Then
CY% < (Y. Since ¢ satisfies SOL (Theorem 0), ¢, (Go, C¢) < ¢, (Go, C'¢) for
all Gk S Go.

Consider now the problem inside a coalition (GE, C¥), k = 1,...,m. In
this case, ¢} = ¢;; < ¢; = ¢f for all i,j € G" and ¢, = ¢;(Go,C) <
01(Go, C') = ¢f for all i € G*. Then, C¥ < C', since ¢ satisfies SOL
(Theorem 0), we have

F; (NOv C, G) = (pi(Glgvcﬂp) < @i(Glgv Cl(p) =F (NOa O/a G)
foralli e G*.I

Claim 2. Let f be a rule satisfying PM G, then f also satisfies SEPG.
Proof of Claim 2. Let f be a rule satisfying PMG and R C G as
in the definition of SEPG. Under PMG we know that f; (No,C,G) <
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Ji (UrerG")y . CA{GH}} g ) for all i € UgerG* and fi (No, €. G) < fi ((N\ Uen G¥),, €, {{G*
for all i € N\ Uper G*.
Moreover by definition of f,

Y fi(No,C.G) = m(Ny,C),

ieN
Z fi ((UkERGk)o’O’{{Gk}}keR> — m((UkeRGk)O,O), and
€Uk RG

S A (N Uker Gy, GG  hon) = m(N\ Uker GF),, O)

iE(N\UkeRGk)

Since m (Ny, C) = m((UkeRGk)o ,C) +m((N\ Uker G*),,C), it is clear
that f satisfies SEPG.H

Claim 3. Let f be a rule satisfying PM A, then f also satisfies SEPA.
Proof of Claim 3. It is similar to the proof of Claim 2 and we omit it.H

Claim 4. F satisfies CSEC.
Proof of Claim 5. Let (N, C,G) and (Ny, C’, G) be under the condi-
tions of CSEC. Consider the problems among groups (G, C¢) and (G, C'%).

Thus, c§, = mink{coj} = ¢p and ¢S = ¢ for all G*¥ € G. Moreover,
jeG
G : G : / / G /G
Ck‘k‘/ — ) mln /{ij/} S CO, Ck:k‘/ — ] mln I{ij/} S Co, and ck:k‘/ S Ck‘k/
jEGEK 5 Gk JEGkK Gk

for all G*, G¥ € G. Reasoning in the same way, we obtain that g =d

and G, = c&,. Thus, the problems (Gy, C%) and (G, C'%) are under the
conditions of ESEC. Since ¢ satisfies ESEC (Theorem 0), we have that

ch — ¢

Sok(GOa CIG) = ka(Goﬂ OG) + g (1)

m
for all G* € G.

Consider now the problems inside each group G* € G, (GF,C¥) and
(G, C"). By definition, cj; = ¢,(Go,CY) := ¢f for all i € G* and ¢, = ¢;;
for all i, j € G*. Moreover, in the proof of Lemma 0 (a) (iii) (Bergantifios and

Goémez-Rua, 2009) we prove that ¢f > maxk{cfj,}. Reasoning in the same
J,J'€G

way we obtain that ¢} = ¢, (Go, ') = ¢ for all i € G*, ¢ = ¢; = ¢;; for

13



alli,j € G* and cyf > maxk{c;“;,}. Furthermore, taking into account expres-
J,.j'€G

sion (1), we have that ¢f < ¢, and ¢f — ¢ = (G, C"%) — ¢,.(Go, CY) =
9% Thus, (G§,C¥) and (G§, C") are also under the conditions of ESEC.
Since ¢ satisfies ESEC (Theorem 0), we obtain that

! 1 C/Lp _CSO
E(N()?C 7G) = QDZ(G]&CW) = QOZ(GIS, C‘p) + O|G—k’0
(ko 66;00

@z(GmC )+ m|Gk|
ch — ¢
= F(N, 0
Z( OaO7G)+ m|Gk|

forallie G*. &

We now prove the uniqueness in each of the two parts.

(a) We apply an induction argument over the number of agents |N|. If
IN| = 1 the result is trivial. Assume that the result holds for less than n
agents. We prove it for n agents.

Let f be a rule satisfying these properties. Given an mcstp with groups
(No, C, G) we prove that f (No, C,G) = F (No, C,G).

Let ¢t = {(i°,i)},c v be an mt in (N, C') as in Lemma 0 (a).

Assume that there is at least two agents who connect directly to the
source in ¢t. Namely, [{i € N : (0,4)} € t| > 2. Let j, j' be such that (0,j) € ¢
and (0,7') € t,

We define S = Fol(j,t)U{;j}. Thus, m(Ny, C') = m(Sp, C)+m((N\S),,C).
Since ¢ satisfies the conditions of Lemma 0 (a), there exists R C {1,...,m}
such that S = U,crG*. Since f satisfies SEPG, we have that

o (Uier@) C G Y, y) i € UieaGh

fi(No,C,G) = . " . .
fi (Uk¢RG )O’C’{{G }}k¢R if i € N\ Urer G".

Since j € UrerG* and j’ € UygrG*, by the induction hypothesis,

B (UherG)y CA{G Y ier) = B ((UkenGY), . € {{G"}},0p) and
fi (UkerG)y O LG i) = Fr (DkenG)e> C LG in)
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Since F also satisfies SEPG, we conclude that

Fy ((UkerGY), C{{G i) = Fi(No,C,G) i i € UpenGP and
F (UignG®)y O {{G i) = Fi(No,C,G) if i € N\ Uper G*

Thus, f; (No,C,G) = F; (No,C,G) for all i € N.

Assume now that there is a unique agent who connect directly to the
source in t. We define z = max {c;; : (i°,7) € t} and 2/ = max {c;o; : (i°,7) € t and c;0; < z}.

We consider several cases.

1. There exists (5°, ) € t such that j € G*, j* € G¥, k # K/, and cjoj = T.
By the definition of C* as the minimal network associated with ¢, we
can deduce that ¢ is also an mt in C*. Since (j, j) is in the unique path
in ¢ from j to 0, we deduce that cg; = z.

Since f and F satisfy [T, f (Ny,C,G) = f (Noy,C*,G) and F (Ny, C,G) =
F (Ny,C*,G) . So we can focus in the problem (Ny, C*, G).

Let t* = t\{(j%,7)} U {(0,5)}. Tt is clear that c(C*,t*) = c(C*,t).

Then, t* is also an mt in C*. Moreover, there are at least two agents con-
nected directly to the source in t*. Thus, f (Ny, C*,G) = F (Ny, C*,G) .

2. We are not in Case 1 and there exists (j°,j) € t such that j,;° € G*
and cjo; = x.

We first prove that G = {/N}. Suppose not. By definition of ', there
exists an arc (i°,4) € t with i € G* i € Ny\G"* such that cpo; >
cjoj. Since cjo; = , ¢p; = cjo; = x. So we are in Case 1, which is a
contradiction.

We consider C*. Using arguments similar to those used in Case 1, SEPA
instead SEPG, we can deduce that f (Ny,C,G) = F (No, C,G).

3. There exists j € N such that (0,j) € ¢t and cp; = = > ¢;p; for all
(i°,4) € t with {i° i} C N. Notice that we are not in any of the previous
cases.

We can compute C* as the minimal network associated to t. Since (0, j)
is the unique arc in ¢ containing the source, for each i € N, (0, 7) is in
the unique path in ¢ from 0 to 7. Thus, ¢, = co; = x. Moreover, for
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each {7,7} C N, (0, 7) is not in the unique path in ¢ from i to #’. Thus,
chy < <w.

Since f and F'satisty 1T, f (No,C,G) = f (No,C*,G) and F (Ny, C,G) =
F (No, C*,G).

Let C' be such that ¢j; = 2’ for all € N and ¢, = c};, otherwise.
Applying Prim’s algorithm is easy to see that t is also an mt in C’.
Moreover C* and C” are under the hypothesis of CSEC. Since f and F
satisfy C'SEC, it is enough to prove that f (No, C",G) = F (N, C', G) .

Let (k% k) € t be such that cyop = . Thus, ¢}, = ¢,o, = . Let
t'=t\{(k° k)} U{(0,k)}. Tt is clear that c(C’,t') = ¢(C’,t). Then, t' is
also an mt in C'.

Two cases are possible. First, we can take k° € G' and k € N\G'. Then,
t' satisfies the conditions of Lemma 0 (a). Moreover, there are at least
two agents connected directly to the source in ¢'. Thus, f (Ny, C', G) =
F (N, C",G) . Second, for any arc (k° k) € ¢ with cpop = 2’ we have
that k,k° € G'. Using arguments similar to those used in Case 2 we

can deduce that G = {N} and f (Ny,C',G) = F (Ny, C",G) .1

(b) Since SOL implies IIT, PMG implies SEPG, and PM A implies
SEPA, it is a trivial consequence of part (a) .l

Proposition 1. The properties used in Theorem 1 (a) and (b) are inde-
pendent.

Proof: We proof that if we remove some of the properties of Theorem 1
(a) and (b), we can find more rules satisfying the other properties. We do
this by considering several claims.

Claim 1 There exist rules satisfying SOL (and hence IIT), PMG (and
hence SEPG), PMA (and hence SEPA), and failing CSEC.

Proof of Claim 1: We define the rule f! as follows. Given 7' C N/, let
7~ denote the order induced in N by the index of the agents. Namely, given
i,j € N, 7 (i) < 7V (j) if and only if i < j. For each mcstp (Ny, C') and
1 € N we define

Y; (No, C) = ve- (Pre (i,WN) U {z}) — Vo (Pre (i, 7TN)) .
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Let (Ng, C, G) be an mestp with groups and i € G*. Thus,
fil (N07 C? G) = wz (Glgv Cﬂp) .

1. f! satisfies SOL. Let (No, C,G) and (Ny, C',G) be such that C' <
C'. Consider the problems among coalitions, (Go, C%) and (Gy, C'%). Then,
C% < ("¢ Since ¢ satisfies SOL (Theorem 0), ¢, (Go, C%) < ¢, (Gy, C'¢) for
all Gk S Go.

Consider now the problem inside a coalition G& with k = 1,...,m. Then,
C? < (C'%. By definition of the irreducible matrix, (C?)* < (C")". By
Lemma 0 (b), for all i € G*,

b, (GE,C?) <, (GE,C™%).

2. f1 satisfies PMG. See Bergantinos and Gémez-Riia (2009).

3. f! satisfies PMA. See Bergantifios and Gémez-Rua (2009).

4. f! fails CSEC. Consider the mcstp with groups where N = {1,2},
G = {{i}}icn, and matrices

0 10 10 0 12 12
C=110 0 2 andC'=|( 12 0 2
10 2 0 122 0

In this case, f! (Ng, C,G) = (10,2) and f!(Ny,C",G) = (12,2).1

Claim 2 There exist rules satisfying SOL (and hence IIT), PMG (and
hence SEPG), CSEC and failing SEPA (and hence PMA).

Proof of Claim 2: We define the rule f? as follows. For each mecstp
(No, C) and i € N we define the equal division rule as

m(Ng, C
Ei (N0> C) = %
Let (Ng, C, G) be an mestp with groups and i € G*. Thus,
fz‘2 <N0> C’ G) = EZ (Glga CSD) .

1. f? satisfies SOL. Let (No,C,G) and (Ny, C’,G) be such that C
C' Then C¢ < (C'C. Since ¢ satisfies SOL (Theorem 0), ¢, (Go, C%)
0, (Go, C'%) for all G* € Gy.

ININA
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Consider now the problem inside a coalition (GE, C¥) with k = 1,...,m.
Then, C¥ < C'% and hence

f}(No, C,G) = Ei(Gg, C¥) < Ey(Gg, C'%) = f2 (No, O, G)

for all i € G*.

2. f? satisfies PMG. Let G* € G. Since ¢ satisfies PM (Theorem 0),
©0,(Go, CF) < ¢, ((G\G*)g, CC\G*) for all | # k. Moreover, ((G\G*)y, CF) =
((G\G*)o, CNT)

Let C"% denote the matrix C'¥ associated with the problem ((N\Gk)0 ,C,G\G").

Let G' € G\G*. For all i, j € G', ¢, = ¢7. For all i € G',

i = @G, C%) < @((G\GF)o, CN) = .

That is C¥ < C"?. Then, E;(Gl,C¥) < E;(GL, C") and hence,

2 (No, C, G) < ff((N\Gk)O,C, G\G").

3. f? satisfies CSEC. The proof is similar than the one for F' and we
omit it.

4. f? fails SEPA. Consider the mestp with groups where N = {1,2, 3},
G = {N}, and matrix

C:

—_ N = O
_ o O
_ O O N
O = ==

In this case, it is clear that m(Ny, C) = m({1, 2}, C)+m({3}o, C). How-
ever, f2<N07 Ca G) = (%a %7 %) and f2({17 2}07 C) = (%7 %) and fz({g}Oa C) =
1.0

Claim 3 There exist rules satisfying SOL (and hence IIT), PMA (and
hence SEPA), CSEC and failing SEPG (and hence PMG).

Proof of Claim 3: We define the rule f? as follows. Let (Ny, C,G) be
an mestp with groups and i € G*. Thus,

2 (No, C,G) = o, (G, CF)

[ e if 0¢ {j,7'}
where ij/ - { Ek (GCH CG) if 0e {ja]/} -
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1. f3 satisfies SOL. Let (Ny, C,G) and (Ny, C’,G) such that C < ',
Then C% < C'Y. Hence, Ey(Gy, C%) < Ey(Go, C'%) for all G* € G,.
Consider now the problem inside a coalition (G&, CF) with k = 1,...,m.
Then, C¥ < C'F. Since ¢ satisfies SOL (Theorem 0),
fz3 (N(),C, G) = @z(G’(gaCE) < (pz(Glga C/E) = fz3 (N(J?CIvG)

for all i € G*.

2. f? satisfies PMA. Let G¥ € G and i € G*. By convenience, let us
denote as C” the cost matrix C' restricted to the problem ((N\{i})o, C, G™).
Notice that C” coincides with C' on the agents of (N\{i})o.

We consider several cases:

a) Assume that ¢, = ¢S for all [ € {0,1,...,m}. Thus, E (GO,C’G) =
E (G*Z’,C'G*l’) forall  =1,....m.

e Let j € G*\ {i}. Since p satisfies PM (Theorem 0), ¢, (G§, CF) <
©; ((Gk\{i})o, CE) . Then,
i (No, C,G) =, (G5, CF) <5 ((G"\{i})o, CF)
= ¢; ((G"\{i})o, C"")
= fI((N\{i})o, C",G™).
e Let G' € G such that [ # k. Then, ¢, = ¢/, for all j, j' € G'U{0}.

Y]
Hence, A
[} (No,C,G) = fI((N\{i})o, C",G™).
b) Assume that ¢, # ¢S, for some k' € {0,1,...,m}. Then, c5, < 5.
Moreover, ¢, < ¢/ for all [,1' € {0,1,...,m} .
Then, Ej (Go,C%) < Ey (Go,C9), cf, = dF for all j,j' € G*\{i},
and cf; < ¢ for all j € G*\{i}. Since ¢ satisfies SOL (Theorem 0),
©; ((GM\{i})o, CF) < p; ((G*\{i})o, C'F) for all j € G*\{i}.
Since ¢ satisfies PM (Theorem 0), ¢, (G, CF) < ¢, ((G*\{i})o, CF).
Then, for all j € G*¥\{i}
ff(NOv C> G) = ij (Glgv CE) S 90]' ((Gk\{l})()?CE)
< ¢; ((G"\{i})o, C"7)
= f((N\{i})o, C",GT).
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3. f3 satisfies CSEC. The proof is similar than the one for F' and we
omit it.

4. f3 fails SEPG. Consider the mestp with groups where N = {1,2, 3},
G = {{i}}ien, and matrix

— N O
_ o O
_ o O N
O~ = =

In this case, it is clear that m(Ny, C') = m({1,2}o,C)+m({3}o,C). How-
ever, [{(No,C,G) = (2,2,2) and F({1,2}0,C) = (5, 1) and f*({3}o,C) =
..

Claim 4 There exist rules satisfying PMG (and hence SEPG), PMA (and
hence SEPA), CSEC and failing SOL (and hence IIT).

Proof of Claim 4: We define the rule f* as follows. Let (Ny, C,G) be
an mcstp with groups. We say that © € Iy is admissible if the following
conditions are satisfied: i) given i € G*, j € G¥ | k # K, if 7(i) < 7(§),
then c§, < c.; ii) given i, j € G¥, if n(i) < 7(j), then co; < co; and iii) if
7(i) < 7(j) < w(l), with i,1 € G*, then, j € G*. We denote by IT'V the set
of all permutations over N that are admissible. In an intuitive way: we first
order the groups by decreasing connection cost to the source; and then the
agents inside groups following the same idea.

Thus, for all 1 € N,

P (No,C,G) = —— 3 we (Pre(i, ) U {i}) — vor (Pre(i, =)

- !
‘HN‘ mellly

1. f* satisfies PMG. Making some computations we can prove it. Even
the proof is not trivial, we do not think that it is specially relevant and we
omit it.

2. f4 satisfies PM A. Making some computations we can prove it. Even
the proof is not trivial, we do not think that it is specially relevant and we
omit it.

3. f4 satisfies CSEC. Let (Ny, C,G) and (Ny, C’, G) be two mestp with
groups under the conditions of CSEC. Then, a permutation 7 € II'V is
admissible if given i,7/ € G¥ € G and j € N with 7(i) < 7(j) < 7w(¢),
then j € G*. Therefore, f4(Ny, C,G) = Ow(N,ve-, Q). In Bergantifios and
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Goémez-Ria (2009) we prove that F (N, C,G) = Ow (N, ve«, G) . Then, in
this case, f4(Ny,C,G) = F (N, C, @), and we have proved above that F
satisfies CSEC.

4. f*fails SOL. Consider the mestp with groups (Ny, C, G) and (Ny, C', Q)
where N = {1,2}, G = {{i} }ien, and matrices

0 10 20 0 30 20
C=|( 10 0 0 andC'=1 30 0 0
20 0 O 20 0 O

In this case, f4(Ny, C,G) = (10,0) and f4(Ny,C’,G) = (0,20).1
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