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1. Research Background: Geometric Division
Geometric computation: Home Page |
1. Algebraic representation; __THerage |
2. Algebraic Computation; <]
3. Geometric interpretation. NN
Page 2 of 45 |
When (Cartesian) coordinates are used, geometric relations are represented by cosax |
polynomials of coordinates. |
Close |

When applied to geometric problems, algebraic results are usually inexpli- |
cable geometrically. Qut |



A Trivial Example

Algebra
NBA
Conclusion

In the projective plane le8 = 12 N 1'2". Leti = (z;, y;, 2;). Compute

I3 T4 Ts

345) = | y3 ya U5
23 24 Ry

Home Page

i

In affine geometryj345] = 2 S345. It equals 0iff3, 4, 5 are collinear. Tt Pt
RS
RENS
Page 30f 45|
GoBack |
Full Sereen |
ciose |

Further ask: Qui

'

If 3 is not strictly on linesl2 and1'2’, how doeg345] vary?



In coordinates:

> fl:=det([[x1,y1,z1],[x2,y2,22],[x3,y3,z3]])-a: ﬁ'gibra

> f2:=det([[x1p,y1p,z1p],[x2p,y2p,z2p],[X3,y3,z3]])-b: Conclusion

> g:det([[X4’y4’Z4]1[X5’y5’25]1[X3’y3’23]])

> h:=solve( {f1,f2 }, {x3,y3 }):

> fin:=simplify(subs(h,g)):

> target:=collect(fin,[a,b]);

Home Page

Bt = (=24 y5 wlp 22p + y4 25 xlp 22p + x5 24 ylp 22p — x5 24 21p y2p — x4 25 y1p 22p + x4 25 21p y2p — y4 25 x2p z1p + 24 y5 x2p z]p‘)‘n—‘g

—xlp 22p yl 22 + xlp 22p 21 y2 + a2p z1p yl 22 — x2p z1p z1 y2 + ylp 22p x1 22 — ylp 22p a2 21 — zIp y2p x1 22 + zIp y2p x2 21 1iye Page |
(—24 2521 y2 —yf z5x1 22+ a4 25yl 22 — x5 24 yl 22 + x5 24 21 Y2 + y4 25 22 21 + z4 y5 x1 22 — 24 y5 22 21)b
- —xlp 22p yl 22 + xlp 22p 21 y2 + x2p z1p y1 22 — x2p z1p 21 y2 + ylp 22p x1 22 — ylp 22p x2 z1 — z1p y2p x1 22 + z1p y2p x2 21 < Y
1
B —xlp 22p y1 22 + x1p 22p 21 y2 + x2p z1p y1 22 — x2p z1p 21 y2 + yIp 22p 1 22 — ylp 22p 2 21 — zIp y2p z1 22 + zIp y2p z2 21 < N
(24 y5 28 x1p 22p y1 22 — x4 y5 23 Tlp 22p 21 Y2 — x4 y5 23 x2p z1p y1 22 + x4 y5 28 x2p z1p z1 y2 — x4 yb 23 ylp 22p w1 22
+ 24 yb 28 ylp 22p 22 z1 + x4 yd 28 z1p y2p vl 22 — x4 yd 28 z1p y2p x2 21 — x4 25 v1p y2p 23 y1 22 + x4 25 x1p y2p 23 z1 y2

— 24 Y5 x2p ylp 28 12 21 — z4 y5 x2p z1p x1 y2 23 + 24 y5 x2p z1p x2 y1 28) Quit

+ 4 25 x2p ylp 28 yl1 22 — x4 25 x2p ylp 283 21 y2 + x4 25 ylp 22p x1 y2 28 — x4 25 yIp 22p x2 y1 28 — x4 25 z1p y2p x1 y2 28 M’
+ x4 25 z1p y2p 22 y1 28 — x5 y4 28 xlp 22p yl 22 4+ x5 y4 28 xlp 22p 21 y2 + x5 y4 23 x2p zIp y1 22 — x5 y4 23 2p z1p z1 y2 Go Back |
+ x5 y4 23 ylp 22p x1 22 — x5 y4 28 ylp 22p x2 21 — x5 y4 23 z1p y2p x1 22 + x5 y4 23 z1p y2p x2 z1 + =5 24 x1p y2p 28 y1 22
— x5 24 xlp y2p 28 21 y2 — x5 24 x2p ylp 28 y1 22 + x5 z4 x2p ylp 28 21 y2 — x5 24 ylp 22p x1 y2 28 + x5 z4 ylp 22p x2 y1 23 Full Screen |
+ 25 24 2z1p y2p x1 y2 23 — x5 24 z1p y2p x2 yl 28 + y4 25 v1p y2p 23 x1 22 — y4 25 x1p y2p 23 x2 21 — y4 25 x1p 22p x1 y2 28
+ y4 25 xlp 22p 2 y1 28 — y4 25 x2p ylp 23 1 22 + y4 25 v2p ylp 28 x2 21 + y4 25 x2p z1p x1 y2 28 — y4 25 x2p z1p 22 y1 28 Close |
— 24 yb xlp y2p 28 x1 22 + 24 yd xlp y2p 23 22 z1 + 24 yb> x1p 22p x1 y2 23 — z4 yb xlp 22p x2 y1 28 + 24 y5 x2p ylp 23 x1 22

[ e ]

Is there any pro-geometric explanation?
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By GREAT efforts the expression is recognized in Grassmann-Cayley algebra
as

—Qa 1/2//\45 AXy+b12 /\45 /\XY—I—Zg 12 A 1/2//\45 Home Page |
12 N 12" A xy . Title Page |
44 42
Or more explicitly:
]
—[123]1'2" N 45 Axy + [1'2'3] 12 A 45 A xy + [3xy| 12 A 12" N 45 Page 501 45|
12 A 172/ A Xy : d
Go Back |
Herex, y are ther- andy- coordinate basis vectors. m—
Close |

'

Quit



In Grassmann-Cayley algebsubstituting3 = 121’2’ into [345], one obtains

12 A 12/ A 45 = [124][1'25] — [125][1/2'4].

12,1'2'. 45 concur iff 12 A 1’2" A 45 = 0.
In affine geometry, led = 12 N 1’2/, then

Sox
12712 Axy = =2

811’22’

Formulation of the problem

Do pseudodivision 0f345] by [123] and[1'2'3] (with 3 as leading vector vari-
able), find the pseudo-quotients and pseudo-remainder:

127 N45 Axy  12AN45Axy  [3xy]12 A1'2" A 45
12AN12 Axy’ 12A12 AXy’ 12AN12 Axy
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Full Screen
Close |

Quit
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Algebra
NBA
. Conclusion
Observation
e The devision is never unique: it depends on the choice gf
e If choosingxy = 45 then nothing is done.
. Home Page |
e If choosingx € {1',2'} andy € {1, 2} then the result has lowest degrees.
Title Page |
E.g., |fX = ]_/ aﬂdy =1 theﬂ < >
451’ 145 13112 A 1’2" A 45 < 4
(345] = | ][123} + 145) [1'23] + | } : S
[121/] [11/2/] [121/][11/2] page 70145 |
Go Back |

Can we find an easier approach based on brackets and wedge prod-

u CtS'P L’
Quit |



Background

Algebra
Geometric Factorization oo

A geometric theorem:
hypothesegh; = 0,hy =0,--- , h,, = 0} and conclusior = 0.
Now discard severdl’s, say{h1, ho, - - - , h;}, from the hypotheses. Home Page |
Find how the expressionis related to the discarded hypotheses quantitatively _Tnerse |
andgeometrically “»

< 4
E.g., ifc can be written in the following form [ Femiais |

Go Back |

c" = Ahi+ Xoho + -+ Ny

Full Screen |

after reduction by{ h;.1, hyio,- - - , hy }, @and theX’s have immediate geometric ciose |
interpretation, then the factorization igéometric. |



Geometric Theorem Completion

: - : : : lgebra
Thecompletiorof the original theorem with basic constraiftg . ; = 0, h; o = —

0,---,h, = 0}, refers to the finding of the Conclusion
necessary and sufficient geometric conditions

for the conclusiorr = 0 to be true.

Home Page

i

E.g. conclusion22’ // 33'. Title Page
>

2 . 1 3 < 4
Page 9 of 45 |
3 Go Back |
2 I Full Screen |
Close |

Quit

'

Keep 131’3’ be a circle 1’2’3’ be a line.
Discard 121'2" be a circle 123 be a line.



Computation result usingull bracket algebray eliminating3’:

[e22'e33]  [e31'2/][e311'2'2]
e-3  1-2el31]

Geometrically:

22" x 33 =

2 521/2/531/2/ Sln(l(gl, 11,) B 4(1/2/, 2/2))

d%/z/

This is an extension of the theorem.
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Partial explanation: NBA

Conclusion

Home Page

Title Page

Z 4 44

< 4
22/‘ |33/ Iﬁ: Page 11 of 45 |
4(31, 11/) —|— é(]_/2l7 2’2)) —= O, Go Back |
|e Full Screen |
/133 =7 — /1'2'2. cose |

Obvious. Quit

i

'



[€311'2'2] has the followingational expansion

Le311/2'2] —
2 1232/

The discarded hypotheses are both included in the expansion:
[121'2"] = 0iff 121’2’ be a circle,

[e123] = 0 iff 123 be a line.

This is thegeometric factorization.

1-3[e232][121'2] — 2 - 2/[e123][131'2]]
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Conclusion
2. Algebra of Geometric Covariants and In-
variants —
Title Page |
Hope: more intrinsic algebraic system may help maintaining more geometry. “ | »
Classical Invariant Theorynvariance undeg¢ L, (K). SEEE
Page 13 of 45 |
e Algebra of Covariants:Grassmann-Cayley algebrauter product, meet m—
product: Denoted by juxtaposition and™ oo |
E.g., the intersection of linek2, 1’2" is close |

12 A 12" = [1221]1 — [121']2" = [11'2/]2 — [21/2/]1. (shuffle formuld e



e Algebra of InvariantsBracket Algebra An nD bracket algebra generated
by a sequence ofi > n + 1 symbols of vectord,2,... ,m, is

Polynomial ring generated by all subsequences of length
Ideal generated b§rassmann-Rkker syzygies

GP:

n+1
)L A ES S 14 A RS TS A1
k=1

l.e.,ijio - - iy1 A jijo - - - jnr1 @pplied with shuffle formula.

In affine geometry;123] is the area of triangl@23.
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Algebra

E.g., for 2D projective geometry, the 3D bracket algebra generated by 5 pointsnea
1,2,3,4,5 is the bracket polynomials with? = 10 indeterminates

The 10 brackets are not algebraically independent.
relations:

Among the 5 syzygies, only 3 are algebraically independent, e.g., the first 3.
They form abracket basisf the syzygies.

123],[124], [125], . . .,

(123][145] — [124][135]
(123][245] — [124][235]
(123][345] — [134][235]
[124][345] — [134][245]
[125][345] — [135][245]

25]|

25]

3523
I
Il

345].

5123
145|123

13
23

They satistgebraic

Y

-~

|
o oo oo

Conclusion

Home Page |
Title Page |
| >
| > |
Page 15 of 45 |
Go Back |
__Fulsoeen|
Close |

Quit |



Invariants vs. Coordinates

1 Y1~
1= (x1,y1,21) = 161 + y1€2 + z1€3, [123] = |25 42 22, BN

T3 Y3 =3
[123][145] = factorization ofp, [123][145] + [124][135] = q. —

p:x2*zl*y3*xl*y4*z5—x2*zl*y3*x1*z4*y5—x2*zl*y3*x4*y1*z5+x2*z12*y3*x4*y5
—xlxy2*x23*xxd*xyl * 25 +xl*xy2 *x 23 xxd x 21 * yd + 2l * Y2 % 23 x x5 * Yyl * 24 — 21 * y2 x 23 * x5 * z1 x y4
—x3 %zl x y2 s« xl % yd % 25 + 23 % 21 % y2 % 1 % 24 % y5 + 3 % 21 % Y2 x x4 % yl * 25 — 13 % 217 x y2 « a4 x y5
+13*z12*y2*m5*y4+x12*y2*z3*y4*z5—x12*y2*z3*z4*y5—:cl*z2*y3*a05*y1*z4
+x1*22*y3*x5*21*y47x2*y1*z3*x1*y4*z5+x2*y1*z3*m1*z4*y5+x2*y12*23*374*25 Home Page

_1:2*y1*23*x4*zl*y5—x2*y12*z3*x5*z4+x2*yl*z3*x5*zl*y4+x2*zl*y3*x5*y1*z4 Title Page

i

—m2*z12*y3*x5*y4+x3*y1*22*m1*y4*z5—:c3*y1*z2*x1*z4*y5—m3*y12*;;2*1:4*,25

+:v3>ky1*22*x4*z1*y5+x3*y12*22*x5*z47x3*y1*z2*x5*zl*y47m12*z2*y3*y4*z5 44 >
—|—:cl2*z2*y3*z4*y5—|—x1*z2*y3*m4*y1*z5—m1*z2*y3*x4*zl*y5—x3*zl*y2*x5*y1*z4
[a] >

q:—xl*y2*z4*x3*yl*25—Jrl*y2*24*x5*zl*y3+m12*22*y4*z3*y5—xl*zZ*y4*x3*zl*y5
—xl*zQ*y4*x5*y1*z3—m2*y1*z4*m1*y3*z5+:c2*y12*z4*x3*z5—:c2*y1*z4*x3*z1*y5 M’
+2*x2*zl*yB*xl*y4*z57m2*zl*y3*x1*z4*y57w2*zl*y3*x4*y1*z5+x2*zl2*y3*m4*y5 Go Back |

—xlxy2*x 23 % xdxyl 25+ 2%l xy2*x 23 xxd *x 21 xyb + 2« xl x y2 x 23 x x5 *x yl % 24 — xl * y2 * 23 * 5 * z1 x y4
f:vS*zl*y2*m1*y4*z5+2*m3*z1*y2*x1*z4*y5+2*m3*z1*y2*x4*y1*2572*x3*212*y2*m4*y5 Full Screen |

423 % 21° % y2 % x5 x y4 + 1% x Y2 % 23 x yd * 25 — 2% 217 % y2 % 23 % 24 x y5 — 1 * 22 % y3 * x5 * Yyl * 24 — 2 % 21 * y4d * 23 x yl * 25
+2*x1*z2*y3*m5*z1*y4—x2*y1*23*501*y4*z5+2*x2*y1*z3*x1*z4*y5+m2*y12*zS*x4*z5 &l
me*yl*23*334*21*y572*x2*y12*z3*m5*z4+2*x2*y1*z3*m5*z1*y4+2*x2*z1*y3*m5*y1*24 Quit |

—2*952*212*y3*x5*y4—|—2*x3*y1*zQ*ml*y4*z5—x3*yl*z2*xl*z4*y5—2*x3*y12*22*m4*25
+2*x3>}<yl*zZ*x4*zl*y5+w3*y12*z2*w5*z4—w3*y1*22*m5*z1*y4—x4*zl*y2*x1*y3*z5
—x4*z1*y2*m5*y1*23+x4*zl2*y2*x5*y3—2*x12*22*y3*y4*25+:ﬂ12*zZ*yS*z4*y5+x2*zl2*y4*m3*y5
+2*m1*z2*y3*:}:4*y1*257xl*z?*y3*x4*zl*y57:r3*zl*y2*x5*y1*z4+:c12*y2*z4*y3*z5

—z4 %yl % 22 %zl * 23 % Y5 + xd % y1® * 22 % x5 * 23 — xd * yl * 22 % 5 * 21 * Y3 — x2 * 21 * y4d % x1 % 23 x y5



On the other hand, using only a fixed bracket basis reduces brackets to
coordinates, thus is equivalent to using coordinates.

E.g., in the projective plane lat 2, 3 be a basis (linear independent).
Cramer’s ruleprovides coordinate representations of points:

[123]4 = [234]1 — [134]2 + [124]3.

A bracket basis syzygy is of the form

[123][145]
(123][456]

[124][135] — [125][134], or
[124][356] — [125][346] + [126][345].

They are equivalent to substituting the Cramer’s ruld ofto [145], [456].
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Algebra

NBA
Conclusion

Home Page |
Title Page |
| >
| > |
Page 17 of 45 |
Go Back |
__Fulsoeen|
Close |

Quit |
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NBA
Conclusion

Special Features of Bracket Algebra

e StraighteningReduce the polynomial into a unique normal form wrt a basis

of the Z-module of polynomials. Home Page |
However, straightening “explodes” a bracket monomial into a bracket poly- __ TitePage |
nomial of many terms. It cannot keep geometric meaning. « | »
< >
e ContractionReduce the number of terms of a bracket polynomial.
Page 18 of 45 |
Important both in algebraic computation and geometric interpretation. copas |

« Cayley factorizationTranslation from the algebra of invariants to the alge- %= |

bra of covariants. cose |
Quit |



E.g., do pseudodivision §845] by [123] and[1'2'3], with 3 as vector indeter-
minate.

The pseudo-remainder should contain a fatdn 1’2" A 45.

(1)
x[345] = y[123] + r

|
[12U,)[345] = [45U;][123] — [124][35U;| + [125][34U,].
(2)
2'[34U] = ¢'[1'2'3] + 1’

!
[1'2'U,][34U4] = —[4U,U,][1'2'3] + [1'2'U4][34U,)] + [1'2/4][3U,U;4].

Similarly,

[1'2'0,)[35U;] = —[5U,U4][12/3] + [1'2'U4][35U5] + [12'5][3U, U],

Background

Algebra

NBA
Conclusion

Home Page
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Title Page
KIS
| |

Page 19 of 45 |
Go Back |
Close |

Quit
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3
[12U][1'2'U,)[345] = [45U4][1'2'U,][123]
+([124][5U,U,4] — [125][4U,U,|)[1'2'3]
+(—[124][1'25] + [125][1'2'4])[3U, U]
+(—[124][35U,] + [125][34U,))[1'2'U/]

= [45U4][1'2'U,][123]
—12 N 45 A UsU;y [1'2'3]
—12 A 1'2" A 45 [3U, U]
—12 A 45 A 3U, [1'2'U4]

The division is not yet finished is till not completely isolated ifn35U,| and

34U,].
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Home Page |
Title Page |
KIS
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Page 20 of 45 |
Go Back |
Close |

Quit |
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(4)
12 A 45 A 3U, = [123][45U,] — [12U,][345]

leads to the final result Home Page
12712 AU,U [345] = 12/ A 45 A U,U;, [123] Tite Page

112450 ULU, [1273] R

+12 A 12/ A 45 [3U, U], | ]

page 210145 |

__ Godak |

i

Go Back

How to do the same thing in Euclidean geometry?

Full Screen |
Close |

Quit
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Conclusion

3. Null Bracket Algebra and Applications vome Page |

Title Page |
44 4 2

[a] >
¢ Algebra of CovariantsConformal Geometric Algebra page 22145 |

Invariant Computation in Euclidean Geometry

Composed of null vectors and Minkowski extensors (blades) in the Clifford coBack |

n+1,1
Algebra OfR - Full Screen |
A universal algebra for projective, affine, Euclidean, hyperbolic, elliptic, cose |

conformal, geometries.
Quit |



Classical Conformal Model

Wachter (1840’3) —S. Lie (1872) Background

Algebra
Non-Euclidean model for Euclidean geometry, non-affine model for affine

Space: Conclusion

horosphere x + €+ >x"e

Home Page

i

Title Page

KIS

|
X Page 23 of 45 |
Let null vectore, be the origin, null vectoe be the point at infinity. GoBack |
A pointx in R"™ is represented by the null vector Ful screen |

2 Close |
; X
X =€)+ X+ 7e.

'

Quit
Thex's form a set

Ne={x € RVIx2 =0, x-e= —1}.




Background
Algebra

2
: : : X
1. NV, is an isomorphic model: fat; = e + x; + ?Ze, Conclusion
[xi — x| = [x; — xj].
The inner product is geometrically meaningful: some Page |
a/ . b, _ |a/ — .b/|2 _ _d_CQLb Title Page |
2 2 44 4 2
However, this model depends on the choice of the origin. « |
Page 24 of 45 |
2. Homogeneous conformal modél: ande € N, where
Go Back |
N = {X c Rn+171 X2 = O} Full Screen |
The model is homogeneous and conformal: _ Coe |

'

x € N represents a finite point if - e # 0. Quit
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Conformal Geometric Algebra Conclusion
The covariant algebra established upontthenogeneous conformal model
e Representational constituent§&srassmann-Cayley algebra, bracket alge-
bras, Clifford algebra, spinors and twistors. Home Page |
Represent: geometric entities, geometric quantities, geometric relations, ge- __ Titepage |
ometric transforms. « | »
e Computational mechanism: syzygies. « |
e Feature: covariant representation of geometric entities and transforms; _Page 250145 |
invariant hiererchical representation of geometric quantities and relations. _Comacx_|
Keep intrinsic geometric structure in algebraic representation and com- cose |

putation.

Quit |
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Algebra
: :
e Algebra of Basic Invariantdnner-Product Bracket Algebra Conclusion
An nD (n > 1) inner-product bracket algebra generated by a sequence of
m > n symbols of vectord,2,...,m,is
Polynomial ring generated by subsequences of length 2,and s |
|deal generated by the following syzygies
g y g y yg Title Page |
n+1
o o e o g 5 44 44
—GPL:) i jiljuda- - dk - -nsa]-
P _ ]|
- GP2: [ilig - ln] [jljg .- .]n] — det(ik . jl)k’lzlnn. Page 26 of 45 |
Go Back |
Remark: They are respi- (ji A~ Ajn+1) = 0 and __Full screen_|
Close |

[il”'in][jl"'jn]:(il/\"'/\in>'(j1/\"'/\jn)-

'

Quit
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e A graded version of Inner-Product Bracket Algebra:
Conclusion
An nD (n > 1) graded inner-product bracket algelg@nerated by a se-
guence ofn > n symbols of vectorg, 2, ..., m,is
Polynomial ring generated by subsequences of lengénd
symmetric pairs of subsequences of equal lengfir 1 < i < n __ Home Page |
|deal generated by the following syzygies Tile Page |
44 4 2
n+1 5 p >
—GPL:) “(i|jk)liu2 -3k - - Jnsa]- ]
k=1 [T
— GP2:[iyiy - - - in][juja - - - Ju] — (ada - dn [jad2 - - - Jn)- GoBack _ |
Full Screen
- GP3:(Laplace) (irda-- it [jijo---d) — Y sign(o,0) e
{0,5Y={1,2,..,1} | ckse |

'

(o(i)1o(i)2- - o)k |jii2 - r)(@({1)10(1)2 - - F(D)i—k | Jrriibra - - J0)- Quit
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System of Advanced Invariants

Conclusion

An advanced invarians a polynomial function of basic invariants.

By putting advanced invariants as independent elements into the system of ba-
sic invariants, taking their relations with basic invariants as new syzygies, one

obtains asystem of advanced invariants __Home Page |
. . . ) . Title Page |
Purpose: simplify computatiorand keep geometric meaning “«lm
Advanced invariants should « | »
1. have clear geometric interpretation. page 28 of 45 |
2. be hierarchical. GoBack |
3. have relatively nice symmetry wrt its constituents. Full Sereen |

This kind of symmetry, if represented by basic invariants, is often a compli- _ G|
cated syzygy relation. Quit |



Clifford Bracket Algebra:

An nD (n > 1) Clifford bracket algebrayenerated by a sequenceraf > n
symbols of vectord, 2, ..., m, is

Polynomial ring generated by subsequences of lengénd
symmetric pairs of vectors, and
repeatable permutations of vectors of length 2k for £ > 0, and
another group ofepeatable permutations of vectors of length- 2 for [ > 0
Ideal generated by GP1, GP2, SB and AB

e SB:[ijiy- - -iptor] — Z sign(o, 7)(o(i)10(i)2 - - o(i)ar)

{0.6}={12,...n+2k}
[G(1)15(1)2 - - - G (1)n)-
2

o AB: (iyiy---io) — Y (—1)F(inig) (ip -+ i - - - i)

k=2

Background
Algebra

Conclusion
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Page 29 of 45 |
Go Back |
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Quit
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Null Bracket Algebra

Them symbolic vectors are nulkii) = 0.

Basic invariants in null bracket algebra: 2 kinds.

e Inner product12) = 1 - 2 (symmetry wrt permutation).

e Classical brackeil2 - - - n] (antisymmetry wrt permutation).

Advanced invariants in null bracket algebra: 3 kinds.

e Angular bracketalso calledPfaffiar) (12 - - - (2k)).
Shift and reversion symmetry wrt its components.

e Round brackefalso calledGram determinapt(12---r|1'2"---r’).

(12 R & | ]_/2/ s I'/) = det(i . j/)i,jzlur.

Antisymmetry within each group and symmetry between two groups.

e Square brackdl2 - - - (n + 2k)].
Antisymmetry wrt shift and reversion.
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Geometric Interpretation

The angular and square brackets are cosines andairssne angels, multi-
plied by a monomial of distances.

E.g., for distinct pointg’s in the Euclidean plane,

d1adosdsad —
(1234) = ——2 232 2 cos £(123,134);
d1adosdsad —
[1234] = — -2 232 4 sin (123, 134).
sl — — —
(123456) = ——=2 342 D070 cos(£(123,134) + £(145,156));
O llou ey — —
(123456] = ——== 342 D0 gin(£(123,134) + £(145,156)).
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The general case:
(12---2142) =— —2 <2”21)(2l+2) G2 os(£(123, 134) + £ (148, 156)
+ -4 Z(1(2) (21 + 1), 1(21 + 1)(21 + 2)));
Home Page |
122142 =— —2 (zl;)(%”) G2 Gin(/ (123, 134) + £ (148, 156) __ TtePage |
+ -4 Z(1(2) (21 + 1), 1(21 + 1)(21 + 2))). NS
< >
/(123,134) is the angle at point from the tangent direction of oriented circle ~ —=2" |
123 to that of oriented circld 34. GoBack |
Full Screen |
Brackets are rational representations of angles and their sums in the plane, Close |

in the form of functions of vertices of the angles.
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Geometric Representation

Length:
d2
a-b= —%b.
Radius:
5 [e123]2
P123 = (123]123)
Area:

1 1
5123 = 5[6123], 51234 = 1[613624]
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Conclusion
Angle:
An oriented angle is a 2D rotation, s 23 can be represented by three points:
Vertex2, a pointl on initial ray, a poin3 on terminal ray. tonersse |
Title Page |
e An angle is transcendental wrt the coordinates of its three points. IR 2
e The sine and cosine of an angle is irrational wrt the three points. 1
Page 34 of 45
e The tangent of an angle iationalwrt the points. BCLLLE
. . . . . Go Back |
e An oriented angle module is called afull-angle. A rational description to
an angle is accurate up to its full-angle class. _Fullseren |
Close |

Quit |



Two full-angles/123, Z1'2'3’ are equal ifftan /123 = tan £1'2'3’.

In NBA, since
[6123] =2 d12d23 sin 4(12, 23),
<e123> =2 d12d23 COS 4(12, 23),
we have
[e123]  [el'2'3]]
(e123)  (el’2'3)’
l.e.,

[€123](e123) — [€1'2'3|(e1'2/3') = [e123e3'2'1'] = 0.

Longer bracket are indispensible for representing the sum, difference
and equality of two angles.
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New Techniques

Conclusion

Main idea:

develop a system of advanced geometric invariants, set up the computational
mechanism without resorting to low-level invariants.

Home Page |
Representation with Computation with Conclusion in the form of Tite Page |
44 >
advanced invariants— advanced invariants— advanced invariants « | »
| X ‘ Page 36 of 45 |
- . - \L . - . X . - . l GO BaCk |
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Full Screen
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Rational Clifford Expansion
E.g., Whem = 4 and1, 2, 3,4, 5, 6 are null vectors, Home Page |
Title Page |
2 - 3[1256](3456] + 5 - 6/1236][2345
[2356] —

(123456) — _p2 3[12561(3456) — 5 - 6[1236](2345) SCLER
T [2356] . Go Back |
Full Screen |
Close |
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Rational Clifford Factorization

The inverse of rational Clifford expansion. Home Page

i

Extremely useful and powerful. Title Page
44 (44
< >
1
(1-3)(2-3)[1245][1256] + (1-5)(2 - 5)[1234][1236] = —5[13241526][1235], Page 38 of 45|

E.g., Miquel’s 5-circle factorization:

Go Back

(1-3)(2-3)[1245](1526) + (1-5)(2 - 5)[1234](1326) = %(13241526”1235].
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Example 1Let 1,2, 3,1’, 2’ be free points in the plane. _Page 390145 |
__ Godak |

Go Back

i

Point3’ is the intersection of'2" and131’ other thanl’: —

1
3'=1'13n1"e2’ = —e-2[e131'][131'21"+ [1'131'e2]([131'2]e+[e131']2). _ clse |
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Substitute intde22’e€33’] and simplify:

Background

Algebra
[622/633/] clusion
1
= —e-2'[e131'][131'2'][e22e31'] + 5[1’131’ez’] [e131'][e22'e32]
—e - 2'[e131'](—[131'2'|[e22'e31'] + [e232/][1'131'e2])
Home Page |
=2(e - 2')[e131'](e - 3[e21'2'][131'2] + 1’ - 2'[e131’][e232']) R
4 44
—e - 2/[e131'][e31'2'][e311'22]. < |
The discarded conditiorje123] and[121'2'] do not appear. s
Go Back |
Factor[e311'2'2] has 6-termed shortest expansion, only two terms containing =
the missing conditions:
Quit |

rle311'2'2] = e - 3[121'2'] + e - 12312/ 4+ 1 - 3[e21'2]]
+1'-2/[e123] + 2 - 1'[e132/] — 2 - 2'[e131/].



Rational expansion:

[€311'2'2] has the following 2-termed rational expansion:

1-3[e232][121'2] — 2 - 2/[e123][131'2]]
(12327]

.

1
5[e311'2/2] =

The missing conditions show up.

Result;

(e22e33']  [e31'2][e311'2'2]
e-3  1-2el31]

Fail to make it with basic invariants from the 6-termed expansida31f1'2'2].
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Example 2Let A, B, C be on circleO,
linesEA, EC be tangent to the circle.

D be intersection of linA B with perpendicular bisector @ C.

ThenDE|BC.

Now setE, H to be completely free.
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Obtain

Home Page

e-D
2 A-C[eABeOH]

i

[eBCeDE| =

(e- B (ACBAeH) (eECO) THe Page

+e - C (BACBeH) (eEAO) iljl

—2 A -B (eACB) (eA|BC)[eACE||[eBCH] page 43 of 45
+2 (A -B)(e-C)(eACB) [eACE] (e- C [eABH] + e - B [eACH])). Go Back
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4. Conclusion e

e Sturmfels and Whiteley (1991) proved that in bracket algebra, any polyno- __Teree |
mial when multiplied by a suitable bracket monomial, is Cayley factoriz- « | »

able. ——
This is the simplest case ddtional factorization Page 44 of 45|
Go Back |

e Rational expansiors the inverse procedure of rational factorization. It ex-
presses an advanced invariant as a rational polynomial of basic invariants. s |

Close |
Quit |

Practically much more powerfuHighlight of this talk.



...... But many problems are open. Systematic theory is to be set up.

E.g. Crapo binomialLet1,2,---k and1’,2’,- - - k' be points in the plane.

Is
f=[1231234]---[k1'2] + (—1)"1[11'21[22'3]] - - - [kK'1']

Cayley factorizable? How to find the simplest monomgialt. fg is Cayley
factorizable?

Thank you for your attention!
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